% & &&

Linear Approximation and Newton's Method

> restart;

Linear Approximation

I flx)
Liz)=1flxq) + D )xg) A x

change in ¥ -values

differential o v

Hy  is approximated by

& = D(f)(xg) Ax

# J

> fi=x->sqrt(x)-sin(x);

$ L
> x0:=2;
L:=x->f(x0)+D(f)(x0)*(x-x0):
'L(x)"' = L(x);
' '$ &

xi:

linear approximation

ﬁy:f(x0+ﬂx)—f(x0)
Mox

X

is represented by the
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Lixy=4/2 - sin(2) + Gﬁ_ cos(E}J (x—2)

_ Fa L 10,27

> plot({f(x),L(x)}, x=0..2*Pi, color=|green,red]);
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Newton's Method
0 Newton iteration formula
f(x,)
x?z + 1 no Dm(x?g)
1 $ 2
b 230
Newton's method is used to solve the equation fix) =0 for x
# 3 4 I
- 3 5 fsolve
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$ $ 4

> fi=x->x"3-3*x"2+1;
Digits:=15:
fsolve(f(x)=0, x);

Ff=x —>x3—3x2+1
- S32088886237956, 652703644666139, 2 B7938524157182
- $

$ D()(x,,) =0

> Newton := proc (f, x0, N)

### The parameters are

### f function for which we are trying to find the zero
### x0 initial guess

### N maximum number of iterations allowed
HiH

local k, df;

k:=0:

x.k :=x0;

printf("" k x[k]\n\n");

printf(""%2d %15.12f \n", k, x.Kk);

df := D(f);

to N-1 while abs(evalf(f(x.k))) > 10" (1-Digits) do
if df(x.k) <>0 then

x.(k+1) := evalf( x.k - f(x.k)/df(x.k) );

else

printf("\n Abort: D(f)(x[%d]) = 0\n"', k);
break;

fi;

printf(""%2d %15.12f \n", k+1, x.(k+1));

k :=k+1:

od;

RETURN(x.k);

end:

- $ xy= 16
67
> Newton(f, 1.6, 10):
K x[k]

0 1.600000000000

l" ' I$ &

8&(")**+



#

-254166666667

.872119301312

.662542256243

.652740866146

-652703645213

-652703644666

> Newton(f, -1, 10):
Newton(f, 2.2, 10):

k

0

x[K]

-000000000000

-666666666667

-548611111111

-532390161865

-532088989397

-532088886238

-532088886238

x[k]

-200000000000

-375757575758

-499052876838

-047211126488

-896960878278

-879610054371

-879385279075

-879385241572
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> Newton(f, 1.8, 10):
Kk x[K]

0O 1.800000000000

1 -.874074074074
2 -.614029754316
3 -.538726323286
4  -.532138380314
5 -.532088889023
6 -.532088886238

> Newton(f, 2, 10):
k x[K]
0 2.000000000000

Abort: D(F)(x[0]) = O
# ) S
> solve(D(f)(x)=0);

0,2

Graphical Illustration of Newton's Method

# $

> Newton_graph := proc(f, x0, N, a, b)
local x, df, i, ymin, ymax, pf, tangent;

i:=0:
X :=x0;
df := D(f);
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ymin := minimize(f(z),{z}, {z=a..b}):
ymax := maximize(f(z),{z}, {z=a..b}):

pf := plot(f, a-(b-a)/20..b+(b-a)/20, view=[a..b, ymin*1.05..ymax*1.05]):

Li := plottools[line]([x,0], [x,evalf(f(x))], color=blue):
tangent := unapply( df(x)*(z-x) + f(x), z);

t.i := plot(tangent, a..b, color=green):

p.i := plots[display](pf, Li, t.i):

to N-1 while abs(evalf(f(x))) > 10~ (1-Digits) do
i=1itl:

x := evalf( x - f(x)/df(x) );

Li := plottools[line]([x,0], [x,evalf(f(x))], color=blue):
tangent := unapply( df(x)*(z-x) + f(x), z);

t.i := plot(tangent, a..b, color=green):

p.i := plots|[display](pf, seq({l.j, t.j}, j=0..1)):

od;
plots[display](seq(p.j, j=0..1), insequence=true);
end:

< =<1

> Newton_graph(f, 1.8, 10, -1, 2);
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A Poor Man's Fractal
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> fractal := proc(a, b, ¢, d, n, N)

### The parameters are

### a, b left and right boundary for x-dimension
### c, d lower and upper boundary for y-dimension
### n resolution of image

### N maximum number of iterations for Newton method
it

local f, df, pointlist, colorlist, dotcolor, x, y, z, i, j;
Digits:=7;

f:=2z->(z"3-3*2"2+1);

df := D(f);

pointlist := []:

colorlist :=[]:

for i from 0 to n do # loop over x-direction of image
for j from 0 to n do # loop over y-direction of image
X := a+i*(b-a)/n;

y := ctj*(d-c)/n;

#iH## NEWTON ####

z:=x+I*y;

to N while abs(f(z)) > 10~ (1-Digits) do

if df(z) <> 0 then

z :=z - {(z)/df(z);

else

break;

fi;

od:

#### END NEWTON ####

if abs(z +.53) <.02 then

dotcolor := cyan; # convergence to root -.53

elif abs(z - .65) <.02 then

dotcolor := blue; # convergence to root .65

elif abs(z - 2.88) <.02 then

dotcolor := green; # convergence to root 2.88

else

dotcolor := red; # no apparent convergence
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tlist),[[x, yl1]
[op(colorlist), dotcolor]

1mn

= [op(po

tlist
colorlist
od
od:

poin

.
9

=box);

t, symbol

=poin

plot(pointlist, color=colorlist, axes=frame, style

end:

@8*
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> fractal(1.6, 2.4, -.3, .3, 30, 10)
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> fractal(1.64, 1.68, -.015, .015, 30, 10)
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Ex.1:
<
< absolute error E(x)=|fx)-L(x}| 3 Fi
% 1o, 2 "
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Ex.4:
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a, t=10

£ Kepler's equation

2T 5 S=)

100 2
E $ a t=17 # By=15

> with(plottools):

a:=1:b :=sqrt(3)/2: x0 := 0: y0:=0:

elli := ellipse([x0,y0], a, b, color=red):

circ := ellipse([x0,y0], a, a, color=green):

planet := plot([[1/2,0]], style=point, symbol=circle, color=blue, thickness=3):

moon := plot([[1/2,3/4]], style=point, symbol=circle, color=cyan, thickness=3):

lines := plot([[[0,0], [1/2,sqrt(3)/2]], [[1/2,0], [1/2,sqrt(3)/2]] ], color=black, linestyle=3):
moontext := plots[textplot]([1/2+.1,3/4+.1,"Moon'|,align={ABOVE,RIGHT}, color=cyan):

e 818, (") +



$ % & &&

planettext := plots|[textplot]([1/2+.05,0.05," Gzyx"|,align={ ABOVE,RIGHT}, color=blue):

angletext := plots[textplot](].1,0.05, q"], font=[SYMBOL,10], align={ ABOVE,RIGHT},
color=black):

plots[display]({elli, circ, planet, moon, lines, moontext, planettext, angletext}, scaling=constrained,
axes=normal);
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