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1 Introduction

We study certain aspects of stochastic dependence between some classes of finite dimensional semi-
martingale processes in terms of their infinitesimal characteristics. This is indeed a pilot study,
where we intend to present only some special cases and some special techniques. This study will be
followed by a study of dependence between general classes of Markov processes and more general
classes of semimartingales.

Let (Q,F,P) be some underlying probability space, and let ¥ = (¥1,Ys,...,Y,) be an R"-
valued semimartingale with respect to some filtration, defined on this probability space. Let also
X1, X5, ..., X, be a collection of semimartingales on (2, F, P), with respect to some filtrations. We
shall only consider certain classes of semimartingales that are uniquely characterized, in the sense
of their probability laws, by their characteristics. For the most part, for simplicity of presentation,
we shall only consider the bivariate case, that is the case of n = 2.

Our study is motivated by the following question: What are the sufficient conditions to be
satisfied by the local characteristics of process Y so that law of Y; is the same as the law of X;,
i =1,2,...,n. This question arises naturally in various applications, such as valuation and hedging
of financial derivatives written on baskets of underlying securities.

As a matter of fact, the question can be posed in a constructive way: given processes X;, i =
1,2,...,n construct process Y so that its i-th univariate law, i.e. the law of the i-th component Y;,
is the same as the law of X;, i = 1,2,...,n. In this context, the question reminisces the concept of
copula functions, and the celebrated Sklar’s [4] theorem.

A progress in extending Sklar’s theorem to general product spaces was made in a paper by
Scarsini [3]. In this paper a family of Polish spaces L;, i = 1,...,n is considered, where each L; is
endowed with a o-field £;. A subclass A; C L; is increasing if it is linearly ordered by inclusion:
VA,B € A;, either AC B,or BC A, or A= B. By (x| L;, ®_, L;,P) we denote a probability
space such that for all i =1,2,...,n

P(Ll X X L1 % Ai X Li+1 X e X Ln) = Pi(Ai)a VAZ S Li)

where P; is a probability measure on (L;, £;). The main result in [3] is
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Theorem 1.1 There ezists a unique sub-copula function C defined on x_Range(A; — Pi(Aj), A; €
A;), such that
P(x'1A4;) =CP1(A41),....Pr(Ay)), VA, €A,

This is a nice result, but it does not suit well our needs to model dependence between stochastic
processes. The reason is that this result, as stated, is limited to linearly ordered families A;,
a condition, which, in general, is not satisfied by cylindrical sigma algebras on canonical spaces.
This motivated us to study dependence between processes in terms of infinitesimal characteristics.
Consequently, we somewhat abuse terminology by use of the term ”copulae.” We use the term
for historical reasons only. Various ”copulae” that we define below aren’t really copula functions.
Nevertheless, we find this terminology useful and convenient.

It turns out that the key role in our approach is played by canonical characteristics (canonical
compensators, in particular), that is, characteristics expressed as functions of a trajectory of the
process. This representation is explicit in the case of processes discussed in sections 2, 3 and 5. In
case of the point processes discussed in section 4 this canonical representation is semi-explicit, in
general.

Remark 1.1 All filtrations appearing below are supposed to be appropriately augmented, so that
they satisfy the usual conditions.

2 Dependence Between Markov Diffusion Processes: Diffu-
sion Copulae

Let us consider two diffusion processes X; and X, with values in R!' and driven by the following
SDEs:
dXZ(t) = /,Li(Xi(t))dt + U,‘(Xi(t))dWi(t), Xl(O) = 1, 1= 1,2, (1)

where W7 and Ws are independent SBMs. We suppose that X;, ¢ = 1,2 are strong solutions,
although this is not necessary for our needs.

Our problem is to find functions m = [my,ms]’ : R?> - R? and ¥ = [0y;] : R? — L(R* R?),
so that two dimensional diffusion process Y given as a strong solution to the SDE

4Y (1) = m(Y (1))de + S(¥ (1) dW (1), Y (0) = m , 2)

where WT = (Wy, Ws), is such that
L(Y) = £(X0), i =1,2. (3)
Let F be the filtration generated by W. Suppose that function ¥ satisfies the following two conditions
oti(z,y) +0ty(z,y) = 0i(x), 03 (z,y) + 03y(x,y) = 03 (1) (4)
In addition, suppose that function m satisfies

mi(z,y) = p(x), ma(z,y) = pa(y). (5)

Assuming condition (4), and some mild technical assumptions about the coefficients o;; and o, it
follows from the Lévy characterization theorem that the following two process

" o (Yi(u), Ya(u)) " b o12(Yr(u), Ya(u)) u
Bi= [ ) +f A0 ©)
and
[t o (Mi(u), Ya(u)) " b oga(Ya(u), Ya(u)) "
By = [ Wit + [ 72 e S ) @)

are SBM’s with respect to the filtration F. Consequently, we obtain the following elementary result
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Proposition 2.1 Under conditions (4) and (5) the components of process Y satisfy:
AY;(t) = (Vi (8))dt + o3 (Yi(1)dBi(t), Yi(0) =1, i =1,2, (3)
Thus, property (3) is satisfied.

Note that in view of (5) we have no flexibility in choice of the function m. However, we do have
flexibility in choice of function ¥. We shall exploit this flexibility.

In view of (5) dependence between components of Y is fully described in terms of functions o1
and og1. This observation and property (3) bring about the following definition,

Definition 2.1 Let functions o125 and o271 be such that

sup UfQ(x,y) < 0’%(1’), and sup ng (z,y) < ag(y). (9)
Yy T

Then, these functions constitute a diffusion copula between Y7 and Ys in the sense that with function
m given by (5), and with function ¥ given as

(2 y) (j:\/al — o2y (z,y) o12(z, y) > 7 (10)

o21(7,y) i\/02 ) — 05, (2, y)

the process Y satisfies (2) and (8). In particular, property (3) holds.

Remark 2.1 It is rather clear that the above considerations can be generalized to the non-Markovian
case, as long as functions pu;, o; are functionals of trajectories of X;, and functions m and X are
functionals of trajectories of Y.

3 Dependence Between Poisson Random Measures and Pois-
son Processes: Poisson Copulae

Assume that F is a Polish space with Borel o-field & and let (Q,F,P) is a probability space
endowed with filtration F. Let p be a homogenous Poisson measure on Ry x E, that is p is an
integer-valued random measure such that

i) the intensity measure of p, i.e. the positive measure m on (2 x Ry, B(R4) ® &) defined by
m(A) = E(u(A)), is o-finite,

ii) for every s € Ry and every A € B(Ry) ® £ such that A C (s,00) x E, m(A) < oo, the variable
u(-, A) is independent of o-field Fy,

iii) m({s} x E) = 0 for every s € Ry and m(dt,dx) = dt x F(dx), where F' is a positive o-finite
measure on (E,£).

There exists a one-to-one correspondence between homogenous Poisson processes Y in R™ and
homogenous Poisson measures with F = {0,1}"\ (0,...,0). The measure F' is a measure on finite
set, so it is uniquely determined by values on atoms. Therefore, a multivariate Poisson process
Y in R” is uniquely determined by function F™ : E — R*t, F(")(z) = F({z}). Dependence
between components of Y is fully described in terms of function (). We shal denote Nbryo by, =
FO ((ky,... ky)) for (ki,....k,) € E.

By 1 we denote the jump measure associated with process Y:

1Y (w,dt, dy) = Z‘S(s,AYs(w))(dta dy)L{ay, (w)£0}- (11)

For simplicity of notation in what follows we assume that n = 2. We denote E* = {0,1}, i = 1, 2.

Let us consider two Poisson processes X; and X5 with values in R!, determined by their respec-
tive intensities )\gl) and A§2>. Our problem is to find conditions ensure that two dimensional Poisson
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process Y = (Y1, Y2), determined by F® has given marginals X; and X, i.e. condition analogous
to (3) is satisfied.

Since, for A; = {1} we have

1 ([0,] x Ay) = Z Liayiea = Z Iiaviea, avzerzy = p ([0,8] x Ay x E?),

0<s<t 0<s<t

we obtain that Y1 ([0,] x A1) has Poisson distribution with parameter t)\:(Ll), so that £(Y7) = L(X7),
provided

MY = F(Ay x B%) = Mo+ Mg (12)
Analogous argument gives
/\52) = Xo,1 + 11 (13)
Since A; ; > 0, then
Arg € [0, A AN (14)

Consequently, we obtain the following result

Proposition 3.1 Let Y = (Y1,Y3) be a two dimensional Poisson process determined by F?), and
X1 and X5 be Poisson processes in RY. Under conditions (12) and (13) the distributions of processes
Y1 and Ys are equal to distributions of processes X1 and Xo, respectively, that is

These considerations justify the following definition

Definition 3.1 By a Poisson copula between X, and X» we understand any function F®), which
satisfies conditions (12) and (13)

Then, any such function constitutes a Poisson copula between X; and X5 in the sense that a two
dimensional Poisson process Y = (Y7, Y3) determined by F®) has marginal distributions coinciding
with those of X; and X5.

Remark 3.1 By this method we can obtain n-dimensional Poisson process with given consistent
two-dimensional marginal distributions or three-dimensional marginal distributions etc.

In the next section we shall generalize results of this section to the case of a class of point
processes.

4 Dependence Between Point Processes: PP Copulae

Here we characterize dependence between point processes.

We start with definition of a multivariate point process.! As before, we consider (Q, F,P) — a
probability space endowed with some filtration F. We also consider the space E = {0,1}™\(0,...,0).

Definition 4.1 A multivariate point process, say Y, is a piece-wise constant stochastic process on
(2, F,P) whose associated jump measure, say > , is an integer-valued random measure on Ry x E.

To simplify discussion below we make a standing assumption
Assumption (A) We assume that E u([0,¢], E) < oo, for all ¢ > 0.

From now on the filtration F will be the natural filtration of process Y, and will be denoted as
FY.

1Some authors (cf. Last and Brandt, [2]) refer to Marked Point Process as to multivariate point process. This is
not the definition that we have in mind however.
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Remark 4.1 In a future work we shall consider a more general set-up where filtration F is given
as F=FYv F where F is a filtration providing some additional information (such filtration F is
sometimes called a reference filtration). For example, Y may be a doubly stochastic (multivariate)
Poisson process (also known as Cox process), and filtration F may be generated by its (random)
hazard process.

It is well known that a point process can be represented as a sequence of random variables
(T, Zn), n = 1,2,..., where T}’s are FY stopping times that represent jump times, and Z,,’s are
corresponding marks that take values in F and indicate which of the components jump at any given
jump time. In particular, it is known that for each n it holds that .7-'%; =o((T3,2;),i=1,2,...,n).
It can be shown (cf. e.g. [2], Thm. 4.1.11) that the F¥ compensator of u¥, say v¥, can be

represented as
P(Thy1 €dt, Znya € AlFr,)

Y
dt, A) = 1 F 0
(dt, A) 7;0 {T,<t<Tp41} P(Tyq >t Tn) ’ ( )

where we use the convention that % =0.

Since different processes may be defined on different probability spaces, then, in general, we are
not able to compare distributional properties of the processes in terms of their compensators. This
is because the compensators themselves will be defined on these different probability spaces, and
therefore we are not in position to assess whether they are equal to each other or not.

However, one may instead compare so called canonical compensators of point processes (cf. Last
and Brandt [2], Section 4.2).

In our set-up we have that any canonical compensator of Y, say o, can be disintegrated as (cf.
[2], Thm. 4.2.2)

Yy, dt, dz) = & (y, dt)s" (y,t, dz), (17)
where y represents a path of Y, that is, y € Fl%°). It thus holds that
Y(widt,dx) = a¥ (Y(w),dt)sY (Y (w), t,dz). (18)

A canonical compensator of a point process Y is the same as the compensator of this process,
when process Y is considered on the canonical space. This in turn implies that canonical compensator
is unique almost surely.

It follows from Thm. 4.3.9 in Last and Brandt [2] that for a point process Y its canonical com-
pensator uniquely determines process Y (in the sense of probability law). Consequently, probabilistic
properties of point processes discussed here, such as dependence between coordinate components,
can be entirely characterized in terms of the respective canonical compensators, which, in view of
(18), is equivalent to characterization in terms of the associated kernels: a¥ (y,dt) and Y (y,t, dx).

4.1 Two Dimensional Case

Let us consider a two dimensional point process Y = (Y1, Y?), so that mark space is E = {(1,0), (0, 1), (1,1)}.
The mark space? of each coordinate component Y is E* = {0,1}.

In analogy to notation used in the previous section we denote by ,uw (w, dt, dr) the jump measure
of process Y, so that u¥" ([0,t],{1}) gives the number of jumps of Y on the time interval [0, ].

Remark 4.2 Recall that by definition of the jump measure it holds that p¥" (7,{0}) = 0 for any
Borel subset 7 in [0, c0).

We note that " ([0,¢], A1) = u¥ ([0,], A1 x E?), and p¥" ([0,1], A2) = p¥ ([0,1], B* x As), for
any A; C By, i = 1,2.. Tt is clear that p* ([0,-], A;) is adapted to F¥" (of course it is also adapted
to FY).

2We slightly abuse the term ”mark space” here.
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4.1.1 Auxiliary Results

We fix i. We shall use the following notation,

e ¥ compensator of ¥ with respect to FY

° l/))//ii the compensator of uyi with respect to FY

o ¥ the compensator of uyi with respect to Fyi,
e %{J : optional projection of a process U on FY'
e PiJ : predictable projection of a process U on FY'.
e UPi : dual predictable projection of a process U on FY'.
Since 1/33/”.([07 ‘], {1}) is an increasing process, Oi(ug,/i([o, ],{1})) is an FYi (local) submartingale,
thus it admits a Doob-Meyer decomposition. Hence, we have

04 (0,1, 11)e = M} + 7,
where M is an FY¢ (local) martingale starting from 0, and Z* = (Oi(uy([O, 1, {1})>pi. We now set
Vi (w, dt,dx) = dZ} (w)d, (dz). (19)
Lemma 4.1 Equality (19) defines a predictable random measure on B(Ry) ® 2F"

Proof. Let 0 < s <t and let A C E*. We then have
7w, (1], A) = (Z{(w) = Z(w))d1(A) > 0. (20)
Next, let By and Bs be disjoint sets from B(R, ). Then, for any A C E* we have

7' (w, B; U By, A) = </B dzg'(w)+/

[ dzz‘<w>) 51(A) = 7 (w, Bu, A) + (@, Bos ). (21)

Now, since process Z* is cad-lag® we see that for any s > 0 and any A C E* we have

. 1
lim +*(w, (s,s+ —],A) =0. (22)
n—oo n

We conclude that 4% uniquely extends from a random measure on the algebra of sets of the form
(s,t] x A to a random measure, also denoted as 4%, on B(Ry) ® 2F".

We shall now demonstrate that ~* is a predictable measure. Towards this end let W be a
predictable function of the form

W(w,t,z) = f(w,t)g(),

where f is a predictable process. Then we have

(W 571 (w) = g(1) o flw,s)dZi(w).

Since process Z' is predictable, then it is clear that process W ~% is predictable. Finally, since
every predictable function W (w,t,z) can be approximated by predictable functions of the form
f(w,t)g(x), we conclude that for any predictable function W the integral W x 4% is a predictable
process. Consequently, measure 4 is a predictable random measure. O

We shall see that measure +* is the dual predictable projection of uyi on FYi. For this, we shall
use the following result,

3By definition, process Z is right-continuous; since it is increasing — it is cad-lag.
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Lemma 4.2 For each A C E' we have that
pX (0,4, A) — (“(wy ([0,-], A)F (23)

is an FY' - local martingale.

Proof. Fix A C E'. The process M; = p¥ ([0,],A) — v¥'([0,t], A) is an F¥ martingale, thus
its optional projection on FY:, denoted as °M;, is an FY: martingale, i.e the process ®M; =

i

MYZ([O,t],A) — %y ([0,],A)); is an FY* martingale. Since vy ([0,], A) is an increasing process,
%(vy ([0,], A)); is an FY¢ submartingale, thus it admits a Doob-Meyer decomposition. Hence, we
have

vy ([0,1], 4) = Le + (“(vy ([0,1], 4)))¥",
where L; is an FYi (local) martingale starting from 0. From the above we conclude that
p¥ (0,6, 4) = (7 ([0, ], A)F* = Lo + M,

so that process 1Y ([0, 1], A) — (%(v¥" (0,-], A)))P* is an FY" - local martingale, as requested. O
Corollary 4.1 The measure v* is the dual predictable projection of ,uYi on FYi| so that v¥i = ~.

Proof. Tt is enough to observe that for A C E* we have

(Y ([0, ], A)))E = ~1([0,1], A)

and then to use Theorem II.1.8 in [1]. O

In what follows we give a more direct way of computing the projections

(¥ ([0,], A)))P

in a special case, namely when the compensator 14, is absolutely continuous.

Lemma 4.3 Assume that V%,/i([O, t], A) is absolutely continuous in the sense that V}/i (w,[0,t], A) =
fg K}” (w, s, A)ds for some measurable kernel Ky. Then, for any t < oo,

@WVWJAW?=AWMV@MM& (24)

Proof. In view of our assumption we see that "(1/)3,”( [0,], A)): is integrable. We just need to show
that the process

M; = (V}Xi(m? ']7 A))t - /0 pi(KYi(S’A)) ds

is an FY' martingale as then the result will follow from uniqueness of the Doob-Meyer decom-
position. Note that since Pi(K{ (s, A)) is predictable it is also progressive and thus the integral
fg Pi(KY (s, A)) ds is well defined in the Lebesgue sense. Integrability of the process fg PKY (s, A))ds
and the martingale property of M; are then an immediate consequence of the Fubini theorem. [

In what follows we shall denote by o’ the canonical compensator corresponding to 7*.
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4.1.2 PP Copulae

Let us consider two 1pomt processes X; and X, with values in R!. We denote the clorrespondmg
compensators by X and vX , and the corresponding canonical compensators by X and o™

Our problem is to find conditions that ensure that two dimensional point process Y = (Y7, Y2),
with the corresponding compensators ¥ and oY, has given marginals X; and X5 i.e. condition
analogous to (3) is satisfied.

Given all the above discussion, it appears that the sufficient condition for this is that

Vi =aXi i=1,2. (25)

Consequently, we obtain the following result, where & is a predictable kernel from the path space
to B(Ry) ® 2%,

Proposition 4.1 Let Y = (Y1,Y32) be a two dimensional point process with canonical compensator

oY = @&, and compensator v¥ given through (18). Let X, and Xy be point processes in R'. Under

condition (25) the marginal distributions of process Y are equal to X1 and Xo respectively. Thus,
property (3) is satisfied.

These considerations justify the following definition

Definition 4.2 By a PP copula between X1 and Xo we understand any predictable kernel o, which
satisfies condition (25) .

The above definition extends to a multivariate case in a straightforward way of course.

4.1.3 Examples

Example 4.1 Let us consider a bivariate Poisson process Y as in Section 3. Here we have

o (y, dt, {(i,4)}) = Nijdt, for (i,j) € E (26)

and
Yy, dt, {13) = (Ao + Aa)dt, (2, dt, {1}) = (Ao, + Av1)dt. (27)
Given two univariate Poisson processes, X; and Xs, with natural intensities )\( ) and )\(2) re-

spectively, condition (25) takes the form
Mo+ A=A Agn + A = AP (28)

Thus, a particular PP copula between X; and X5 is any triple {\1 0, Xo,1,A1,1} of non-negative
numbers satisfying (28). This indeed is the Poisson copula between X; and Xo.

Of course any predictable kernel & such that

My de (1)) =AY, a2 (s, dt, {1}) = AP (29)

also constitutes a PP copula between X7 and X,. Thus, a multivariate PP, which is not a multivariate
Poisson process in the sense of Section 3, may have Poisson processes as marginals.

Example 4.2 Consider a stochastic basis (Q,]—'Y, P), where Q = Q; x Qs is the canonical space
of bivariate point processes. We let Y = (Y1 Y?) denote the canonical process on (£, F). For
the illustrative purpose of this section, we make the simplifying assumption that, under P, each
component is P-a.s bounded by the constant M, i.e. it jumps at most M times. We let 77" and
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Ty, with T = 0, denote the jump times of the coordinate processes Y. We endow the space with
the natural filtration of the canonical process, FY. We assume that, under P, we are given the
joint density of P(Ty" € dt, Ty € dt, m,n < M), say f(si,...,sM s ... s}). We give here a
construction of the compensator of the jump measure of Y in terms of the the joint distribution of
the jump times of the components. We prove the result only for the set {1,1}, since the proof is
analogous for all other sets in the mark space. In the following we use the notation:

F(ti,..., 1 ds,[s,00),...,[5,00),t3,...,ts ' ds,...,[s,00)) := (30)
/ / T, T s Smats ey Sary byt s sar) dsTT L dst ST L ds ds.

Lemma 4.4 Let
t M

N L) =[S PP € ds Ty € ds|Frpry VAT 25> TPLTY 25> ),
0 m,n=1

Then

VY (dt, {1,1}) / Z F(T},...,T{" ' ds, [s,00),...,[5,00), T4, ..., T3 ', ds,...,[s,00))
el F(T}, ..., T [s,00), [5,00),...,[s,00), T4, ..., To"* [s,00),...,[s,00))

Lot cocrpy bnp - <osryy (8

and the process u([0,t],{1,1}) — f(f v(ds,{1,1}) is an F martingale.

Proof. Equality (31) is elementary to verify.

To prove the martingale property of ([0, ¢],{1,1}) fo v(ds, {1,1}) we first note that ¥ ([0,¢], {1,1}) =
Zm n Wrm <y 1p<t rm—1y}, therefore it suffices to verify that process My :=  Wirm<y o<y rmryp }—
fo v(ds, {1 1}) has the martingale property. By Lemma I11.1.29 in [1], on the event {T7" ! < s <
T, T3t < s < Ty}, conditioning on FT{"*IVT;* VA{TI™ > s, T§ > s} is equivalent to conditioning
on FY_ | thus,

E(Mt|.7-"13/) = M,+ E(Z Du<rr<tu<ty<t, T =Tp} FY)

m,n

- / ZPTl € ds, Ty € ds| Flyyry VT > s> T LT3 > 5 > T3 ') FY)

m,n=1

i
= M,+ Z ( Hu< T/ <tu<T2<t,T" T;}|f§)—/P(Tﬁeds,T;edswo

m,n=1

~ M+ Z( (fu< TP < tou< T2 <t,T7 = T3}FY)

m,n=1
t
- / P(T" € ds, T eds7T{”:T2”\]-"§))
u
- M,

]
In the same way one can proof that pY ([0,], {1,0}) — f Y(dt,{1,0}) is a local martingale with

v(ds, {1,0}) / Z P(T{" € ds, T} > s|F. nerygp-r VAT 2 8> T T > s > TR

m,n=1



T.R. BIELECKI, J. JAKUBOWSKI, A. VID0ozzI, L. VIDOZZI 11

B /t f: F(T}, ..., Tt ds, [s,00),...,[5,00), T4, ..., Ta" ", (5,00),...,[s,00))
0,52 F(Tll,...,Tlm_l,[s,oo),...,[s,oo),T%,...,TQ"_l,[s,oo),...,[s,oo))

H{T{”*1<55T1"1}ﬂ{T;*1<s§T;}a

and similarly pY ([0,],{0,1}) — fot v¥(ds,{0,1}) is an FY local martingale, with

t M
v(dt,{0,1}) /O > P(I>s,Ty € ds|fT¢71VT;71 VAT > s> T T8 > 5> Ty ')

m,n=1

M

/t Z F(TL,...,T" Y (s,00), [5,00),...,[5,00), T4, ..., To "t ds,...,[s,00))
0 a2 F(T, ..., T Y [5,00), ..., [8,00), T4, ..., To * [s,00), ..., [s,00))

H{T{”*1<S§T1m}H{T;*1<S§T;}~

By uniqueness of the dual predictable projection it follows that »¥ as defined above, is indeed the
compensator of u¥. The counting measure associated to the (canonical) coordinate process Y'! is
given by: p¥ ((0,¢],{1}) = ¥ ((0,¢], {1, 1))+ ¥ ((0, ], {1,0}). It follows therefore immediately from
Lemma 4.4 (and the discussion that follows Lemma 4.4), that the FY¥ compensator of Myl is given
by the predictable random measure vy " defined as:

vy (0,8, {1})

t+ M
/ S P(IY € ds|FY s VAT 2 s > TPLTY > s> T (32)
0 1 2

m,n=1

/t % F(TY, ..., T Y ds, [s,00), ..., [s,00),T&, ..., T2, [s,00), ..., [s,00))
0 o2 F(T},...,T" Y [5,00), ..., [8,00), T4, ..., To" % [s,00),...,[s,00))
W gt e oy M izp—t cocryy (33)

We shall now compute the FY' compensator of uyl.

Proposition 4.2 The FY' compensator of uyl 18 given by the process

P0..41}) = P(IY € ds|FYo VT 25> 1) (34)

L P(TE,. L T ds, [s,00), . . [s,00),[0,00), . . ., [0,00))

- /om—1 F(TL, ..., T 1 [5,00),. .., [5,00),[0,00), ..., [0, 00))

Lipm—1cocrmy- (35)

Proof. In view of Corollary 4.1, it suffices to show that ¥ ((0,#],{1}) = (01(1/3//1([0,15],{1})))1’1.
In addition, in view of Lemma 4.3, (Ol(V}’fl([O,t], {1H))? = fg pl(u}fl(ds, {1})) ds. Since the process
1 (Tt <s<Tim} is FY' predictable, and thus fsyj measurable, and by definition of predictable pro-
jection:

t M
D 0.4),{1)) = / S° B(POT € ds| Flsygps VAT 25> T 1Y 2 5> 13 )| FY)
0 1 2

m,n=1

t M
- / S B(P(I cds (T > 5> T L TY > 5> Ty FL)|FY)
0

m,n=1

t M
n— 1
/0 Z P(T{" € ds, {T3' > s > Ty }|F)L )R{Tl’"—1<ngf”}

m,n=1

t M
/0 S (T € ds, | Fpoma VAT < s < T DL pm-1coerpys



12 DEPENDENCE OF STOCHASTIC PROCESSES

yielding the result. O

Remark 4.3 The random measures v¥ are clearly the canonical compensators of the components

Y%, therefore they uniquely characterize the respective finite dimensional distribution.

5 Dependence Between Finite Markov Chains: Markov Cop-
ulae

We shall first discuss some results regarding random measures associated with finite Markov chains.

5.1 Finite Markov Chains and Related Random Measures

As before, let (Q, F,P) be an underlying probability space. We consider on this space a stochastic
process X = (X;)¢>o with values in a finite set X = {1,2,..., N}. By F¥X we shall denote the natural
filtration generated by X.

For any two states i, j € X, such that i # j, we define the following FX-optional random measure
on [0, c0),
NY9((0,8]) = > Tx, —ix.=j)- (36)

0<s<t

We shall simply write N%(t) in place of N%“((0,¢]). Manifestly, N%(¢) represents the number of
jumps from state i to state j that process X executes over the time interval (0, t]. Let us denote by
1% the dual predictable projection w.r.t FX of the random measure N%.

Next, let us define a matrix valued function A on [0, 00) by
A(t) = X (D] jex, (37)

where A;’s are real valued, locally integrable functions on [0,00) such that for ¢ € [0,00) and
i,j € X, 1 # j we have _
() >0

and
NOEEDPPUGE
J#i
)\;(t) is the time-t intensity of jump from state 7 to state j.
Then, we have the following well known result (we provide the proof for the convenience of the
reader)

Lemma 5.1 Process X is a Markov chain (with respect to FX ) with infinitesimal generator A(t) =
[/\2- (t)] iff the dual predictable projections w.r.t. FX of the counting measures N (dt), i,7 € X are
of the form:

v (dt) = Tyx, —n N5 (t)dt. (38)

Proof. Let us first assume that X is a Markov chain with generator function A. It is then standard
to verify that for any ,j € X, such that i # j, process M* defined as

.. .. t ..
M7 = NY(t) —/ v (ds)
0

is an FX martingale. Thus, letting n = 1,2,..., and denoting by 7T}, the time of the n*" jump of
process X, we easily deduce that process M% stopped at T}, is in fact a uniformly integrable FX
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martingale. Since v/ given in (38) is FX-predictable, then, in view of Theorem 4.1.9 in Last and
Brandt [2], we conclude that v%/ is the compensator of N,

Now, let us assume that v/ given in (38) is the compensator of N%, for any i,j € X, i # j, and

define ' , 4 ,
Ni(t)=>_ NF(t), Ni(t)=>_ N*)
ki ki
Vidt) = vM(dt), pi(dt) = vF(dt).
ki ki
Thus, the processes
Mi = Ni(t) - / vi(ds), and I = N'(t) - / 7 (ds) (39)
0 0

are FX martingales, as they are each equal to a finite sum of F¥X martingales. As usual, we denote
by d;(+) the Dirac delta function. Now, observe that the following identities are satisfied for ¢ > 0
and i € X,

5;(Xe) = N'(t) = N'(t), if Xo=j#1,
1—6;(X¢) = N(t) — N'(t), if Xo=1 (40)

and
Vi(dt) — 7 (dt) = XX (t) dt. (41)

Recall that, considered as a linear operator, matrix A(t) acts on any function f : X — R in the
following way

A f(R) =" M) £(). (42)

JjEX

Consequently, we obtain that

so that
A1) (X)) dt = v (dt) — p'(dt). (44)

We have then demonstrated that for any i € X the process M% given as
t
MP = 6,(X;) — / A(s)5:(X,_ ) ds (45)
0

is an FX martingale. Consequently, for any function f : X — R the process M7 given as

M] = F(X0) / A(s) f(Xu_)ds = F(Xy) — / A(s)f(X.) ds (46)
0 0

is an FX martingale. In view of the martingale characterization of Markov chains this verifies that
X is a Markov chain w.r.t FX. O

5.2 Markov Copulae

To simplify notation we shall only consider the case of bivariate Markov chains. The general multi-
variate case can be treated accordingly.

We want to answer the following questions. Given a bivariate processes Z = (X,Y), which is a
finite Markov chain with respect to to its natural filtration F% = FX::
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(Q1): what are the sufficient and necessary conditions on the infinitesimal generator of Z so that
the components X and Y are Markov chains with respect to their natural filtrations?

(Q2): how do we construct a bivariate Markov chain, whose components are themselves Markov
chains w.r.t their natural filtration and have desired infinitesimal characteristics?

(Q3): what kind of dependence structure can we impose on (X,Y") and how do we do this?

In the rest of this section we denote by S and O two finite sets. Let Z = (X,Y) denote a two
dimensional Markov chain on Z = S x O, with generator function AZ(t) = [)\ﬂ(t)]i,jes,k,heo
Consider the following condition
Condition (M)

STNR @) =S NR (1), Vi €0, Vi €S, i# ],

keO keO
and

SN =Y NP, Vii' €S, Vh,h €O h# k.

jes jeSs
The following proposition addresses the sufficiency part in question (Q1),

Proposition 5.1 Suppose that condition (M) holds, and define

=D Nk, €S ity fihy=- Y fi®), Vies,
keO JES,jF1
and ,
=D NL(t), kheO btk git)=— > git), Vheo.
JES k€O, k#£h

Then the components X andY of the Markov chain Z are Markov chains with respect to their natural
filtrations with generator functions AX (t) = [fi(®)]ijes and AY (t) = [g2(t)]k.neo, respectively.

Proof. Let N;h‘j * be the counting measure associated to the process Z counting jumps from state
ih to state jk (cf.(36)). It follows from Lemma 5.1 that the compensator of szh,yk
random measure

is given by the

ih,jk ;
vyt (dt) = ]I{Xt,:i,ytf:h}kﬂ(t)dt.
The random measure counting the number of jumps of the component X from state ¢ to state j is
given as
IO 9 EVALT
k€O heO

The F# compensator of N;g is given by

vildt) = Z Z vin

keO heO

= DD lx, iy —my Akt
keO heO

= D Iix, iy, =myfi(Ddt
heO

= ﬂ{thzi}f; (t)dt

Note that this is also the FX compensator of N;h’j k Thus, invoking Lemma 5.1 again, we see
that X is a Markov chain with respect to FX and that its generator function is AX(¢). Analogous
argument verifies that the Y component of Z is a Markov chain w.r.t FY with generator function
AY (). O

For the necessity part of question (Q1) we have
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Proposition 5.2 For the components X andY of the Markov chain Z to be Markov chains with respect to
their natural filtrations, with generator functions AX (t) = [fi(t)]; jes and AY (t) = [g}(t)]k.neo, Te-
spectively, it is necessary that the following conditions hold for almost allt >0, P —a.s. :

t

(oA = / L. _ofiu)du, (47)
0
t

(o) = / Ly, —iy gl (u)du, (48)

where °= () [(-)P= ] and °v(-) [(-)Pv] denote the optional [predictable] projection on FX and FY respec-

tively, and where
N ¢ .
A;J :/ Z Z Il{xu_:i,YU_:h})‘;"Ilc(u)du
0 keoheo

t
Ik = /0 ZZ L{x, =iy —np Ao (u)du.

JjES €S

and

Proof. Similarly as in Corollary 4.1 one can show that (OwAij )pw determines the FX compensator of

N;g, and that (OyI‘hk)py determines F¥ compensator of N;,j . Thus, the result follows from Lemma
5.1. O

The following corollary addresses question (Q2),

Corollary 5.1 Consider two Markov chains X andY , with respect to their own filtrations, and with

values in S and O, respectively. Suppose that their respective generators are AX(t) = [a;- ()]ijes

and AY (t) = [BF(t)|nkeo- Next, consider the system of equations in the unknowns )\é’}c(t), where
i,j€S, hke O and (i,h) # (4,k):

DONLE) = al(t), Vhe O, Vi,j€S, i#] (49)
keO
SONRE) = Br(t), VieS, Vhke O, h#k. (50)
JES

Suppose that the above system admits solution such that the matriz function A(t) = [NJL(8)]i jes kneos

with ‘ ‘
Nih(t) = — > Ak (t), (51)
(4,k)ESXO,(4,k)#(i,h)
properly defines an infinitesimal generator function of a Markov chain with values in SxO. Consider,
a bivariate Markov chain Z := (Z1,Z3) on S x O with generator function AZ(t) = A(t). Then, the

components Zy and Zy are Markov chains with respect to to their own filtrations, and their generators
are AZ1(t) = AX(t) and AZ%2(t) = AY ().

Note that, typically, system (49) —(50) contains many more unknowns than equations. In fact,
given that cardinalities of S and O are Ks and Ko, respectively, the system consists of Ks(Ks —
1)+ Ko(Ko — 1) equations in KsKo(KsKo — 1) unknowns.

Thus, in principle, one can create several bivariate Markov chains Z with the given margins X

and Y. Thus, indeed, the system (49) —(50) essentially serves as a ”copula” between the Markovian
margins X, Y and the bivariate Markov chain Z. This observation leads to the following definition,

Definition 5.1 A Markov copula between the Markov chains X and Y is any solution to system (49)
—(50) such that the matriz function A(t) = [A;ﬁ(t)]¢7j€57k7h€o, with X'(t) given in (51), properly
defines an infinitesimal generator function of a Markov chain with values in S x O.

Different Markov copulae will entail different dependence structure between the margins X and
Y. This relates to our third question, that is (Q3) above, which we shall discuss elsewhere .
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