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2 PRICING AND TRADING CREDIT DEFAULT SWAPS

Introduction

An inspection of the existing literature in the area of credit risk shows that the vast majority of
papers focus on the risk-neutral valuation of credit derivatives without even mentioning the issue of
hedging. This is somewhat surprising since, as is well known, the major argument supporting the
risk-neutral valuation is the existence of hedging strategies for attainable contingent claims. In this
paper, we shall deal with credit default swaps market only. Valuation formulae for credit derivatives
traded on the CDS market are provided, for instance, in Brigo [10], Brigo and Morini [11], Hull and
White [16], Schénbucher [24], and Wu [26], who deal with different products and/or models. There
also exists a slowly growing number of papers in which the issue of hedging of defaultable claim is
analyzed in a more systematic way; to mention a few: Arvanitis and Laurent [1], Bélanger et al. [2],
Bielecki et al. [4, 5, 6, 7], Blanchet-Scalliet and Jeanblanc [9], Collin-Dufresne and Hugonnier [12],
Frey and Backhaus [15], Kurtz and Riboulet [20], Laurent [21], and Laurent et al. [22].

From the practical perspective, it is common to split the risk of a credit derivative into three
components: the default risk (that is, the jump risk associated with some particular credit event),
the spread risk (that is, the risk due to the volatile character of the pre-default values of a credit),
and the correlation risk due to interdependence of the underlying credit names. The pertinent issue
is thus to find a mathematically rigorous way of dealing simultaneously with all three kinds of credit
risks. Our main results, Theorems 1.1 and 2.1, show that in a generic hazard process model driven
by a Brownian motion it is in principle possible to perfectly hedge all sorts of risks in a unified
manner, provided that a large enough number of liquid CDSs are traded. Specifically, one set of
conditions address the issue of hedging default risk, while another ones allows us to effectively deal
with spread and correlation risks. Of course, all these conditions need to be simultaneously satisfied
for a perfect hedging. It is clear from these formulae that hedging of the default risk relies on
keeping under control the unexpected jumps that may come as a surprise at any moment and that
are modeled by pure jump martingales. By contrast, hedging of spread and correlation risks hinges
on more standard techniques related to volatilities and correlations of underlying continuous driving
martingales. Let us finally note that in our previous paper Bielecki et al. [6] we have shown that in
the case of a survival claim (that is, a defaultable claim with zero recovery a default), it is enough
to focus on hedging of the spread risk, provided that hedging instruments are also subject to the
zero recovery scheme. We shall work throughout within the so-called hazard process (or reduced-
form) approach, as opposed to the structural approach in which hedging can be dealt with using the
classic Black-Scholes-like approach. For general results within this methodology, we refer the reader
to, among others, Bélanger et al. [2], Bielecki and Rutkowski [3], Elliott et al. [14], Jeanblanc and
Le Cam [18], Jeanblanc and Rutkowski [19], and Schonbucher and Schubert [25].

Our program can be summarized as follows. We start by deriving the risk-neutral dynamics for
the prices of defaultable claims. Next, we show that the risk-neutral pricing of defaultable claims
(such as, credit default options and first-to-default swaps) can be supported through replication of
these claims by dynamic trading of a suitable family of single-name credit default swaps. In Section
1, we address the issue of valuation and hedging of defaultable claims in the market with traded
CDSs with different maturities but with the same reference credit name. Results of this section may
thus be applied, for instance, to a single-name credit default swaption. We show that replication
of defaultable claims can be done using either a family of CDSs with fixed spreads and different
maturities or using the associated family of virtual market CDSs, which may serve as the proxy
for the market CDSs (in practice, CDSs are issued on a daily basis at the current market spread).
In Section 2, we first derive the dynamics for a family of single-name CDSs in the case of several
correlated credit names. Obviously, the fact that the default on a particular name occurs has an
impact on the dynamics of CDS written on non-defaulted names. Subsequently, we extend some
results obtained previously by Bielecki et al. [7] in the case of a trivial reference filtration to a more
practically appealing case of a market model in which hazard rates are driven by a multidimensional
Brownian motion. Let us admit that the results of this paper are of a rather abstract nature, in the
sense that no explicit examples of hedging strategies for standard credit derivatives are presented;
they will be studied in the follow-up work by Bielecki et al. [8].
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1 Single-Name Credit Default Swap Market

A strictly positive random variable 7, defined on a probability space (£2,G,Q), is termed a random
time. In view of its financial interpretation, we will refer to it as a default time. We define the
default indicator process H; = 1(;<4 and we denote by H the filtration generated by this process.
We assume that we are given, in addition, some auxiliary filtration F and we write G = H V F,
meaning that we have G, = o(H;, F;) for every t € R;. The filtration G is referred to as to the full
filtration. 1t is clear that 7 is an H-stopping time, as well as a G-stopping time (but not necessarily
an F-stopping time). All processes are defined on the space (2, G, Q), where Q is to be interpreted as
the real-life (i.e., statistical) probability measure. Unless otherwise stated, all processes considered
in what follows are assumed to be G-adapted and with cadlag sample paths.

1.1 Price Dynamics in a Single-Name Model

We assume that the underlying market model is arbitrage-free, meaning that it admits a spot mar-
tingale measure Q* (not necessarily unique) equivalent to Q. A spot martingale measure is associated
with the choice of the savings account B as a numéraire, in the sense that the price process of any
tradeable security, which paying no coupons or dividends, is a G-martingale under Q*, when it is
discounted by the savings account B. As usual, B is given by

t
Bt:exp(/o Tudu), Vie Ry, (1)

where the short-term r is assumed to follow an F-progressively measurable stochastic process. The
choice of a suitable term structure model is arbitrary and it is not discussed in the present work.

Let us denote by Gy = Q*(7 > t| F;) the survival process of T with respect to a filtration F. We
postulate that Go = 1 and Gy > 0 for every t € Ry (hence the case where 7 is an F-stopping time is
excluded) so that the hazard process T' = —In G of 7 with respect to the filtration F is well defined.

For any Q*-integrable and Fpr-measurable random variable Y, the following classic formula holds
(see, e.g., Chapter 5 in [3] or [19])
Eo-(Lir<ryY |Gt) = Liary Gy 'Eq- (GrY | F2). (2)
Clearly, the process G is a bounded G-supermartingale and thus it admits the unique Doob-Meyer
decomposition G = pu — v, where p is a martingale part and v is a predictable increasing process.

We shall work throughout under the following standing assumption.

Assumption 1.1 We postulate that G is a continuous process and the increasing process v in
its Doob-Meyer decomposition is absolutely continuous with respect to the Lebesgue measure, so
that dvy = vy dt for some F-progressively measurable, non-negative process v. We denote by A the
F-progressively measurable process defined as Ay = G Loy,

Let us note for the further reference that under Assumption 1.1 we have dG; = du; — A\Gy dt,
where the F-martingale p is continuous. Moreover, in view of the Lebesgue dominated convergence
theorem, continuity of G implies that the expected value Eg+(G;) = Q*(7 > t) is a continuous
function, and thus Q*(r = t) = 0 for any fixed ¢t € Ry. Finally, it is known (see, e.g., Lemma 3.2 in
[14], or [19]) that under Assumption 1.1 the process M, given by

tAT t
Mt:Ht_At/\T :Ht—/ )\udu:Ht—/ (1—Hu))\udu, (3)
0 0
is a G-martingale, where the increasing, absolutely continuous, F-adapted process A is given by

t t
At:/ G;lduu:/ Ay du. (4)
0 0

The F-progressively measurable process A is called the default intensity with respect to F.
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1.1.1 Defaultable Claims

We are in the position to introduce the concept of a defaultable claim. Of course, we work here
within a single-name framework, so that 7 is the moment of default of the reference credit name.

Definition 1.1 By a defaultable claim maturing at T we mean the quadruple (X, A4, Z, 7), where X
is an Fr-measurable random variable, A = (A;).eo, 1) is an F-adapted, continuous process of finite
variation with A9 = 0, Z = (Z;)se[o, 1) is an F-predictable process, and 7 is a random time.

The financial interpretation of components of a defaultable claim becomes clear from the following
definition of the dividend process D, which describes all cash flows associated with a defaultable claim
over its lifespan |0, T'], that is, after the contract was initiated at time 0 (of course, the choice of 0 as
the inception date is merely a convention). The dividend process might have been called the total
cash flow process; we have chosen the term ‘dividend process’ for the sake of brevity.

Definition 1.2 The dividend process D = (D;)iecr, of the above defaultable claim maturing at T
equals, for every t € R,

Dy = X1y ir o0((t) +/

(1—Hu)dAu+/ Z, dH,.
10,tAT]

10,¢AT)

It is clear that the dividend process D is a process of finite variation on [0,7]. The financial
interpretation of D is as follows: X is the promised payoff, A represents the process of promised
dividends and the process Z, termed the recovery process, specifies the recovery payoff at default. It
is worth stressing that, according to our convention, the cash payment (premium) at time 0 is not
included in the dividend process D associated with a defaultable claim.

1.1.2 Price Dynamics of a Defaultable Claim

For any fixed t € [0, T], the process D,, — Dy, u € [t, T, represents all cash flows from a defaultable
claim received by an investor who purchased it at time ¢t. Of course, the process D, — D; may
depend on the past behavior of the claim as well as on the history of the market prior to ¢. The past
dividends are not valued by the market, however, so that the current market value at time ¢ € [0, 7]
of a defaultable claim (i.e., the price at which it trades at time ¢) reflects only future cash flows to be
paid/received over the time interval ]¢,T]. This leads to the following definition of the ex-dividend
price of a defaultable claim.

Definition 1.3 The ez-dividend price process S of a defaultable claim (X, A, Z, 7) equals, for every
t e 0,17,

St = Bt ]EQ*( ]t T] B;l dDu

gt). (5)

Obviously, St = 0 for any dividend process D. We work throughout under the natural integra-
bility assumptions:
Eqg-

Bi'X| < oo, Eg- <00, Eg|BIirZrar| < oo,

/ B;'(1-H,)dA,
10,7

which ensure that the ex-dividend price S; is well defined for any ¢ € [0,T]. We will later need the
following technical assumption

Eq-( / T(B;lzu>2d<u>u) < . (6)

We first derive a convenient representation for the ex-dividend price S of a defaultable claim.
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Proposition 1.1 The ex-dividend price of the defaultable claim (X, A, Z,T) equals, fort € [0,T7,

B T
Sy =1{s<ry é Eg- (B;lGTX - /t B 'Gu(ZuAu du+ dA,)

Fi)- (7)

Proof. For any t € [0, T, the ex-dividend price is given by the conditional expectation

TAT

S, = B, Eq- (B;lX]I{T<T} +/

tAT

B;l dAu + B;lzTﬂ{t<7—§T} ’ gt) .

Let us fix ¢ and let us introduce two auxiliary processes Y = (Y, )ue,r] and R = (Ru)uep,m) by
setting

Y, = /u B;YdA,, R,=B;'Z,+ /u ByYdA, = B'Z, +Y,,.
t t
Then S; can be represented as follows
Si = BiBo- (Br' X1izr) + LirarYr + Relrorery | ).
We use directly formula (2) in order to evaluate the conditional expectations
BB (Mirery By X |G0) = Lyar) % Eq- (B7'GrX | 7),

and
B,
B,Eq-(Liren Yr | G:) = Lucry g Bo- (GrYr | 7).

In addition, we will use of the following formula (see, e.g., [3])

1 T
Eq-(Ljt<r<ryRr |Ge) = —11<ry G, Eq- (/t R, dGy

), (8)

which is known to be valid for any F-predictable process R such that Eg«|R,| < co. We thus obtain,
for any t € [0, 77,

B T
Sy =1gpery é Eq- (B;laTX + GrYr — / (B;'Z, +Y,)dG,

t

ft)7
Moreover, since dG; = dus — A\¢G dt, where p is an F-martingale, we obtain

B T B T
Sy =Tpen iEQ*(—/t B17, dG, ft> =Tjen éEQ*(/t BZ'GuZuh du‘]—'t),

where we have used (6). To complete the proof, it remains to observe that G is a continuous
semimartingale and Y is a continuous process of finite variation with Y; = 0, so that the It6
integration by parts formula yields

T T T
GTYT—/ YudGu:/ GudYu:/ B 'G,dA,,
t t t

where the second equality follows from the definition of Y. We conclude that (7) holds for any
t € [0, T, as required. O

Formula (7) implies that the ex-dividend price S satisfies, for every ¢ € [0, 7],
S = 1<y Se (9)

for some F-adapted process §, which is termed the ex-dividend pre-default price of a defaultable
claim. Note that S may not be continuous at time T, in which case Sp_ # St = 0.
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Definition 1.4 The cumulative price process S¢ associated with the dividend process D is defined
by setting, for every t € [0, 7],

S¢ = B, Eg- ([0 ; B='dD,

gt) =5+ B B;1 dD,,. (10)
10,2]

Note that the discounted cumulative price B~1S¢ is a G-martingale under Q*. It follows imme-
diately from (7) and (10) that the following corollary to Proposition 1.1 is valid.

Corollary 1.1 The cumulative price of the defaultable claim (X, A, Z,T) equals, for t € [0,T],

B T
S¢ =T jren é Eg- (B;lGTxn{KT} + /t B Gu(Zua du + dA,)

]—'t) +B, [ B;'dD..
10.4]

The pre-default cumulative price is the unique F-adapted process S¢ that satisfies, for every

te0,77],
L SE = Ly SE- (11)

Our next goal is to derive the dynamics under Q* for (pre-default) prices and of a defaultable
claim in terms of some G-martingales and F-martingales. To simplify the presentation, we shall
work from now on under the following standing assumptions.

Assumption 1.2 We assume that all F-martingales are continuous processes.

The following auxiliary result is well known (see, for instance, Lemma 5.1.6 in [3]). Recall that
1 is the F-martingale appearing in the Doob-Meyer decomposition of G.

Lemma 1.1 Let n be any F-martingale. Then the process . given by

tAT
Ny = Ngpr — / G# d{n, pt)u (12)
0
is a continuous G-martingale.

In particular, the process i given by

tAT
fie=sine = [ G o (13)
0

is a continuous G-martingale.

In the next result, we deal with the dynamics of the ex-dividend price process S. Recall that the
G-martingale M is given by (3).

Proposition 1.2 The dynamics of the ex-dividend price S on [0,T] are

dSy = —S;— dM; + (1 — Hy) ((reSe — M Zy) dt — dAy) (14)
+ (1 — H)Gy M (Bedmy — Sedpy) + (1 — Hy) Gy % (S d{p)e — By d{p,m)ye),

where the continuous F-martingale m is given by the formula

T
my = Eqg- (B;IGTX - / B 'Gy(ZyAy du+ dA,)
0

J—'t). (15)



T.R. BIELECKI, M. JEANBLANC AND M. RUTKOWSKI 7

Proof. We shall first derive the dynamics of the pre-default ex-dividend price S. In view of (7), the
price S can be represented as follows, for ¢t € [0, T,

St = ]l{t<7—}§t =1y BiGy UL,
where the auxiliary process U equals
t t
U =my — / B Gy ZyAy du — / B 'G,dA,,
0 0
where in turn the continuous F-martingale m is given by (15). It is thus obvious that S =BG"'U
for t € [0, T (of course, ST = 0). Since G = p — v, an application of It&’s formula leads to
d(G7U) = Gitdmg — B Z\ dt — B dA,
+ U, (G;?’ (), — G2 (dpy — dut)> — G2 d{p, m);.
Therefore, since under the present assumptions dv; = MG, dt, using again It6’s formula, we obtain
dgt = (()\t + Tt)gt — )\tZt) dt — dAt + G;l (Bt dmt — §t dﬂt) (16)
+G;? (gt d{p)e — By d{p,m)y).

Note that, under the present assumptions, the pre-default ex-dividend price S follows on [0,T] a

continuous process with dynamics given by (16). This means that S;— = S, on {t < 7} for any
t € [0,T[. Moreover, since G is continuous, we have that Q*(7 = T) = 0. Hence for the process

S, = (1 — H,)S,; we obtain, for every ¢ € [0, 7],

dSt = —St, th + (]. - Ht)((TtSt - )\tZt) dt — dAt) (17)
+ (1 — Ht)Gt_l(Bt dmt — St dut) + (1 — Ht)Gt_Q (St d</.l/>t — Bt d(u,m>t)

This finishes the proof of the proposition. ([l

Let us now examine the dynamics of the cumulative price. As expected, the discounted cumula-
tive price B~1S¢ is a G-martingale under Q* (see formula (19) below).

Corollary 1.2 The dynamics of the cumulative price S¢ on [0,T] are

dStc = TtStc dt + (Zt — St—) th (18)
+ (1 — H) Gy (Bedmy — Sedpy) + (1 — Hy) Gy % (S d{p)e — By d(p,m)e),

where the F-martingale m is given by (15). Equivalently,
de = TtSf dt + (Zt - Stf) th + G;l(Bt d’l/’ﬁt - St d//,l,\t)7 (19)

where the G-martingales m and i are given by (12) and (18) respectively. The pre-default cumulative
price S¢ satisfies, for t € [0,T],

dgf = ’I"tgtc dt + )‘t (gt — Zt) dt (20)
+G;! (Bt dm; — S, th) +G;? (gt d{p)e — By d(u, m>t)

Proof. Formula (10) yields

dse

ds, + d(Bt/ B dDu) = dS, +1,(S¢ — S,) dt + dD,
J0.4]

S, +1,(S¢ — S dt + (1 — Hy) dA, + Z, dH,. (21)
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By combining (21) with (17), we obtain (18). Formulae (19) and (20) are immediate consequences
of (12), (13) and (18). O

Dynamics under Hypothesis (H). Let us now consider the special case where the so-called
Hypothesis (H) is satisfied under Q* between the filtrations F and G = H v F. This means that
the immersion property® holds for the filtrations F and G, in the sense that any F-martingale under
Q* is also a G-martingale under Q*. In that case, the survival process G of 7 with respect to F is
known to be non-increasing (see, e.g., Chapter 6 in [3] or [19]), so that G = —v. In other words, the
continuous martingale p in the Doob-Meyer decomposition of G vanishes. Consequently, formula
(14) becomes

dSt = *St_ th + (1 - Ht)((T’tSt - AtZt) dt — dAf) + (1 - Ht)Bth_l dmt. (22)
Similarly, (18) reduces to
dS§ = 1S dt + (Zy — Sy) dMy + (1 — Hy) G ' By dmy (23)

and (20) becomes
dS¢ = 1,5¢ dt + A\ (S; — Zy) dt + G By dmy. (24)

Remark. Hypothesis (H) is a rather natural assumption in the present context. Indeed, it can
be shown that it is necessarily satisfied under the postulate that the underlying F-market model
is complete and arbitrage-free, and the extended G-market model is arbitrage-free (for details, see
Blanchet-Scalliet and Jeanblanc [9]).

1.1.3 Price Dynamics of a CDS

In Definition 1.5 of a stylized T-maturity credit default swap, we follow the convention adopted in
[7]. Unlike in [7], the default protection stream is now represented by an F-predictable process 6.
We assume that the default protection payment is received at the time of default and it equals &;
if default occurs at time ¢ prior to or at maturity date 7. Note that J; represents the protection
payment, so that according to our notational convention the recovery rate equals 1 — J; rather than
d¢. The notional amount of the CDS is equal to one monetary unit.

Definition 1.5 The stylized T-maturity credit default swap (CDS) with a constant rate x and
recovery at default is a defaultable claim (0, A, Z, 7) in which we set Z; = 6; and A; = —«t for every

€ [0,T]. An F-predictable process ¢ : [0,7] — R represents the default protection and a constant
K is the fixed CDS rate (also termed the spread or premium of the CDS).

A credit default swap is thus a particular defaultable claim in which the promised payoff X is
null and the recovery process Z is determined in reference to the estimated recovery rate of the
reference credit name. We shall use the notation D(k,d,T,7) to denote the dividend process of a
CDS. Tt follows immediately from Definition 1.2 that the dividend process D(x,d, T, 7) of a stylized
CDS equals, for every t € Ry,

Dt(ﬂa(S) T7 T) = /

0y dH,, — H/ (1—Hy)du=05;11,<4y —k(EAT AT). (25)
10,¢AT] 10,¢AT] N

In a more realistic approach, the process A is discontinuous, with jumps occurring at the premium
payment dates. In this work, we shall only deal with a stylized CDS with a continuously paid
premium; for a more practical approach we refer to Brigo [10] and Brigo and Morini [11].

I This property is referred to as the martingale invariance property of F and G in [3].
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Let us first examine the valuation formula for a stylized T-maturity CDS. Since we now have
X =0,Z =6 and A, = —xt, we deduce easily from (5) that the ex-dividend price of such CDS
contract equals, for every ¢ € [0, 7],

Si(k, 6, T,7) = Liyary (6(t,T) — KA(L,T)), (26)
where we denote, for any ¢ € [0, 7],

~ B B
6, T) = é Eq- (1{t<T§T}BT '8,

%)

A, T) = %EQ* (/tTM B du ‘ ft).

and

The quantity g(t, T) is the pre-default value at time t of the protection leg, whereas A(t, T) represents
the pre-default present value at time ¢ of one risky basis point paid up to the maturity 7" or the default
time 7, whichever comes first. For ease of notation, we shall write S;(x) in place of Si(k,d,T,7) in
what follows. Note that the quantities 6(¢,T) and A(t,T) are well defined at any date ¢ € [0, T7,
and not only prior to default as the terminology ‘pre-default values’ might suggest.

We are in the position to state the following immediate corollary to Proposition 1.1.

Corollary 1.3 The ex-dividend price of a CDS equals, for any t € [0,T],

B T
St(‘%) = ]1{t<7'} ~ ]EQ* ( Bu Gu(éu)\u - ’i) du ‘ -,Ft) (27)
Gy f
and thus the cumulative price of a CDS equals, for any t € [0,T],

B T
Si(k) = Liery 5 Eg- (/ B Gy (6, i — k) du ‘ ]?t) + Bt/ B;l'dD,. (28)
t t 10,¢]

The next result is a direct consequence of Proposition 1.2 and Corollary 1.2.

Corollary 1.4 The dynamics of the ex-dividend price S(k) on [0,T] are

dSt(KJ) = —Stf(li) th + (1 — Ht)(rtSt +K— )\t§t) dt (29)
+ (1 — Ht)Gt_l(Bt d?’lt - St d,ut) + (1 — Ht)Gt_Q (St d<,LL>t — Bt d(u,n}t),

where the F-martingale n is given by the formula

ny = Eg- (/OT BI'G (8 — &) du ‘ ]—'t). (30)

The cumulative price S¢(k) satisfies, for every t € [0,T],

dStC(H) = ’I”th(Kl) dt + (5,5 — St_ (/4/)) th
+ (1= H)GyH (Bedng — Sp(k) dpe) + (1= Hy) G2 (Si(k) d{p)e — Be d{p, n)e),

or equivalently,
dS; (k) = 1S5 (k) dt + (0; — Si—(k)) dMy + G (By diy — Si(k) dfiz) (31)

where the G-martingales i and [i are given by (12) and (13) respectively.
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Dynamics under Hypothesis (H). If the immersion property of F and G holds, the martingale
0 is null and thus (29) reduces to

dSt(KJ) = 7§t(lﬁl) th + (1 - Ht)(TtSt(K) + kK — )\tét) dt + (1 - Ht)Bth_l dnt (32)
since the process S;(k), t € [0,T], is continuous and satisfies (cf. (16))
dS; (k) = (A +70)S(K) + K — Xedy) dt + B,Gy L dn,. (33)

Let us note that the quantity x — A;d; can be informally interpreted as the pre-default dividend rate
of a CDS.

Similarly, we obtain from (31)
dStc(K) = ’I“tStc(li) dt + ((St — gt("@)) th + (1 — Ht)Bthl dnt (34)

and
dgtc(lﬂ?) = ’I"tgtc(lﬁ‘,) dt + At (gf(ﬁ:) - 51») dt + Bth_l d’flt.

1.1.4 Dynamics of the Market CDS Spread

Let us now introduce the notion of the market CDS spread. It reflects the real-world feature that
for any date s the CDS issued at this time has the fixed spread chosen in such a way that the CDS
is worthless at its inception. Note that the recovery process 0 = (J;);eo,77 is fixed throughout. We
fix the maturity date T" and we assume that credit default swaps with different inception dates have
a common recovery function §.

Definition 1.6 The T-maturity market CDS spread £(s,T) at time s € [0,T] is the level of the
CDS rate that makes the values of the two legs of a CDS equal to each other at time s.

It should be noted that CDSs are quoted in terms of spreads. At any date ¢, one can take at no
cost a long or short position in the CDS issued at this date with the fixed rate equal to the actual
value of the market CDS spread for a given maturity and a given reference credit name.

Let us stress that the market CDS spread «(s,T) is not defined neither at the moment of default
nor after this date, so that we shall deal in fact with the pre-default value of the market CDS
spread. Observe that (s, T) is represented by an Fg-measurable random variable. In fact, it follows
immediately from (27) that x(s,T) admits the following representation, for any s € [0, T,

oy den (B
AT)  Bo ([ Bi'Gudu|F,) K2

where we denote .
K! = Eq. (/ By Gudududu| Fy)
and

K2 = IEQ*</TB;1Gudu|}'S).

In what follows, we shall write briefly kg instead of (s, T'). The next result furnishes a convenient
representation for the price at time ¢ of a CDS issued at some date s < ¢, that is, the marked-to-
market value of a CDS that exists already for some time (recall that the market value of the just
issued CDS is null).
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Proposition 1.3 The ex-dividend price S(ks) of a T-maturity market CDS initiated at time s
equals, for every t € [s,T],

Se(ks) = Lipary (ke — k) A, T) = Ly Selhs), (35)
where §t(/€5) is the pre-default ex-dividend price at time t.

Proof. To establish (35), it suffices to observe that Si(ks) = Si(ks) — St(kt) since Si(kt) = 0.
Therefore, in order to conclude it suffices to use (26) with kK = k; and k = k. ]

Let us now derive the dynamics of the market CDS spread. Let us define two F-martingales
T s
0 0

and ’ .
mng@*(/ B;lGudu‘}'s) =K§+/ B:1G, du.
0 0

1 2

Under Assumption 1.2, the F-martingales m* and m* are continuous. Therefore, using the It6
formula, we find easily that the semimartingale decomposition of the market spread process reads
1 1 1
=% e d(ml,m2>s) e (dm! — ks dm?).
S S

S

Ks

dkg K2

(B;las(ns — G As) ds + — d(m?), —

1.2 Replication of a Defaultable Claim

We now assume that k credit default swaps with certain maturities T; > T, spreads k; and protection
payments &° for i = 1,..., k are traded over the time interval [0, T]. All these contracts are supposed
to refer to the same underlying credit name and thus they have a common default time 7. Formally,
this family of CDSs is represented by the associated dividend processes D* = D(x;, 6%, T;,7) given
by formula (25). For brevity, the corresponding ex-dividend price will be denoted as S%(k;) rather
then S(k;, 0%, T;, 7). Similarly, S%%(x;) will stand for the cumulative price process of the ith traded
CDS. The 0th traded asset is the savings account B.

1.2.1 Self-Financing Trading Strategies in the CDS Market

Our goal is to examine hedging strategies for a defaultable claim (X, A, Z, 7). As expected, we
will trade in k credit default swaps and the savings account. To this end, we will consider trading
strategies ¢ = (¢, ..., ¢"*) where ¢° is a G-adapted process and the processes ¢!,..., pF are G-
predictable.

In the present set-up, we consider trading strategies that are self-financing in the standard sense,
as recalled in the following definition.

Definition 1.7 The wealth process V(o) of a strategy ¢ = (©°,...,¢"*) in the savings account B
and ex-dividend CDS prices S*(k;), i = 1,...,k equals, for any t € [0, 7],

k
Vi(p) = ¢ B + Z CHERE (36)

i=1

A strategy ¢ is said to be self-financing if Vi(p) = Vo(¢) + Gi(y) for every ¢t € [0,T], where the
gains process G(¢) is defined as follows

k
Gulp) = / WdB, + Y / i d(Si () + DL, (37)
10,t] i—1 10,t]

where D' = D(k;, 6%, T;, ) is the dividend process of the ith CDS (see formula (25)).
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The following lemma is fairly general; in particular, it is independent of the choice of the under-
lying model. Indeed, in the proof of this result we only use the obvious relationships dB; = r; B; dt
and the relationship (cf. (10))

¢ (i) = (ki) + By / B;ldD:. (38)
10,t]

Let V*(p) = B~V () be the discounted wealth process and let S©"*(x;) = B~15%%(k;) be the
discounted cumulative price.

Lemma 1.2 Let o = (©°,...,¢"%) be a self-financing trading strategy in the savings account B and
ex-dividend prices S*(k;), i = 1,...,k. Then the discounted wealth process V* = B~V (y) satisfies,
fort e [0,T]

AV (e Z Ot dSE (k). (39)

Proof. We have

Vi (p) = Byl adVi(y) — rBy Vi) dt = By (dVi(p) — reVilp) dt)

k
= B! [so?nBt dt + > i (dS} (ki) + dDj) — rVi(p) dt}
i=1

— B[V Z% /{Z>rtdt+2<pt (dSi(:) + dD}) — reVilsp) dt]

i=1

= B! Z @1 (dSi(m:) = reSi (i) dt + dD})

- iw (a(B ' Si(k0)) + By dDy).

i=1

By comparing the last formula with (38), we conclude that (39) holds. O

1.2.2 Replication with Ex-Dividend Prices of CDSs

Recall that the cumulative price of a defaultable claim (X, A, Z, 7) is denoted as S¢. We adopt the
following, quite natural, definition of replication of a defaultable claim. Note that the set of traded
assets is not explicitly specified in this definition. Hence it can be used for any choice of primary
traded assets.

Definition 1.8 We say that a self-financing strategy o = (¢, ..., ¢*) replicates a defaultable claim
(X, A, Z,7) if its wealth process V(p) satisfies V() = S§ for every t € [0,T]. In particular, the
equality Via-(p) = S§a, holds for every ¢ € [0,T].

In the remaining part of this section we assume that Hypothesis (H) holds. Hence the hazard
process I' is increasing and thus, by Assumption 1.1, we have that, for any ¢ € [0, 7],

t
Ft:At:/ )\udu
0

The discounted cumulative price S¢(k;) of the ith CDS is governed by (cf. (34))

dSE* (k) = By (6) - §;‘(Hi)) dM, + (1 — H,)B,G;* dnl, (40)
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where (cf. (30))
ni — Eq- (/ B Gul A — i) du| 7). (41)
0
The next lemma yields the dynamics of the wealth process V() for a self-financing strategy .

Lemma 1.3 For any self-financing trading strategy o the discounted wealth V*(p) = B~V (p)
satisfies, for any t € [0,T],

k
AVi(e) =3¢ ( — Si(ki)) dM; + (1 — Ht)Gt‘ldnf;). (42)
i=1
Proof. Tt suffices to combine (39) with (40). O
It is clear from the lemma that it is enough to search for the components ¢, ..., ¢* of a strategy

. The same remark applies to self-financing strategies introduced in Definitions 1.7 and 1.10 below.

It is worth stressing that in what follows, we shall only consider admissible trading strategies,
that is, strategies for which the discounted wealth process V*(¢) = B~V (p) is a G-martingale
under Q*. The market model in which only admissible trading strategies are allowed is arbitrage-
free, that is, arbitrage opportunities are ruled out. Admissibility of a replicating strategy will be
ensured by the equality V(¢) = S¢ and the fact that the discounted cumulative price B~15¢ of a
defaultable claim is a G-martingale under Q*.

We work throughout under the standing Assumptions 1.1 and 1.2 and the following postulate.
Assumption 1.3 The filtration F is generated by a d-dimensional Brownian motion W under Q*.

Since Hypothesis (H) is assumed to hold, the process W is also a Brownian motion with respect
to the enlarged filtration G = H V F. Recall that all (local) martingales with respect to a Brownian
filtration are necessarily continuous. Hence Assumption 1.2 is obviously satisfied.

The crucial observation is that, by the predictable representation property of a Brownian motion,
there exist F-predictable, R%valued processes ¢ and (%, i = 1,...,k such that dm, = & dW, and
dn! = ¢} dWy, where m and n' are given by (15) and (41) respectively.

We are now in the position to state the hedging result for a defaultable claim in the single-name
set-up. We consider a defaultable claim (X, A, Z, 7) satisfying the natural integrability conditions
under Q*, such that the cumulative price process S€¢ for this claim is well defined.

Theorem 1.1 Assume that there exist F-predictable processes @', ..., " satisfying the following
conditions, for any t € [0,T),

k k
D6 = Si(r) = Zi = Sy Y il =6 (43)
=1

i=1

Let the process V(o) be given by (42) with the initial condition Vo(p) = S§ and let @° be given by,
fort e [0,T],

k
o) = B (Vile) = Y wisitn). (44)
i=1

Then the self-financing trading strategy ¢ = (¢°,..., ") in the savings account B and assets
St(ki), i =1,...,k replicates the defaultable claim (X, A, Z,T).

Proof. From Lemma 1.3, we know that the discounted wealth process satisfies

k
AL ( ~ Si(ky)) dM, + (1 — Ht)Gt_ldni). (45)

=1
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Recall also that the discounted cumulative price S¢* of a defaultable claim is governed by (cf. (23))
dSe™ = By Y (Zy — Sy) dMy + (1 — Hy) Gy tdmy. (46)

We will show that if the two conditions in (43) are satisfied for any ¢ € [0,7], then the equality
Vi(¢) = S§ holds for any ¢ € [0,T.
Let V*(¢) = B~V (y) stand for the discounted pre-default wealth, where V(y) is the unique

[F-adapted process such that 1y, Vi(p) = ]l{t<7}‘~/t(<p) for every ¢ € [0, T]. On the one hand, using
(43), we obtain

k
Vi (e) = Dt (MBI Si0m) = o) dt + Gy ¢ aw)
=1

= MB7US, — Zy) dt + G7LE AW
On the other hand, the discounted pre-default cumulative price Sex = B=16¢ satisfies (cf. (24))
dS¢* = NB;H(Sy — Zy) dt + G e, dW,.

Since by assumption Vi (@) = Vo(p) = S5 = S5, it is clear that V;*(p) = S&* for every ¢ € [0, 7).
We thus conclude that the pre-default wealth V' (¢) of ¢ and the pre-default cumulative price S¢ of

the claim coincide. Note that the first equality in (43) is in fact only essential for those values of
t € [0,T] for which A\; # 0.
To complete the proof, we need to check what happens when default occurs prior to or at maturity
T. To this end, it suffices to compare the jumps of S¢ and V() at time 7. In view of (45), (46) and
(43), we obtain
AV (p) = Z; — §7— = AS7

and thus Viar (@) = Sia, for any ¢t € [0,T]. After default, we have dVi(¢) = mVi(p)dt and
dSg = r,S¢ dt, so that we conclude that the desired equality V;(¢) = Sf holds for any t € [0,7]. O

1.2.3 Replication with Market CDSs

When considering trading strategies involving CDSs issued in the past, one encounters a practical
difficulty regarding their liquidity. For this reason, we shall now analyze trading strategies based
on market CDS contracts. Recall that for each maturity T; by the CDS issued at time ¢ we mean
the CDS over [t,T] with the spread ! = r(t,T;). We will now define a contract — that we call a
synthetic market CDS — which at any time ¢ has similar features as the T;-maturity CDS issued
at this date ¢, in particular, it has the ex-dividend price equal to zero. Let D¢ = D(k;, 6%, T;, ) for
some fixed spread ;.

Definition 1.9 The Tj-maturity synthetic market CDS is a Tj-maturity defaultable claim with the
dividend process equal to D' = D(k;, 6%, T;, 7) where, for every t € [0, 7],

Di = / Bu d(B=1Si (1)) + Di. (47)
10,t]

Of course, we may choose k; = ) in Definition 1.9. The next lemma shows that the ex-dividend
price of the T;-maturity market CDS equals zero at any date.

Lemma 1.4 The exz-dividend price S* of the T;-maturity synthetic market CDS equals zero for any
t €10,T;].
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Proof. We have
B, 'dD, = B;'Si(ki) — Si(ri) + | B,'dDi,. (48)
10,t] 10,¢]
Hence the ex-dividend price of the Tj-maturity synthetic market CDS satisfies (recall that Sf, (k;) =
0)
Si = B, Eqg- ( B;'dDi gt) = Eg- ( — Si(ki) + Bt/ B;ldD:
1¢,7T5) 1t,T5%]
for every ¢ € [0, T]. O

G) =0

To describe the self-financing trading strategies in the savings account B and synthetic market
CDSs with ex-dividend prices S?, we will use Definition 1.7. In view of Lemma 1.4, S{ = 0 for any
t € [0,T;] and thus Definition 1.7 takes the following form.

(%, ..., ¢%) in the savings account B and synthetic market CDSs
1,...,k, is said to be self-financing if the wealth V;(¢) = ) B,
for every t € [0,T], where the gains process G(y) is defined as

with dividend processes D?,
satisfies Vi(p) = Vo(p) + Gt
follows

Definition 1.10 A strategy ¢ =

1 =

(¥)

k . —_

Gi() =/ wﬁdBquZ/ ¢, dD,.
10,t] i—1 710,

Using (38), we obtain the following condition satisfied by the discounted wealth process of any
self-financing strategy ¢ in the sense of Definition 1.10

AB i) = Y D
i=1

Lemma 1.5 Let ¢ be a self-financing strategy in the savings account B and ez-dividend prices
Si(ki),i = 1,...,k. Then the strategy v = (¥°,... %) where ' = ' fori = 1,....k and
) = Bt_th(ga) s a self-financing strategy in the savings account B and synthetic market CDSs
with dividend processes D' and its wealth process satisfies V(1) = V().

Proof. Let ¢ be a self-financing strategy in the savings account B and ex-dividend prices S%(k;), i =
., k. From the proof of Lemma 1.2, we know that

e

A(B;Vile) = Y i (A(BSi(0) + By dDy).
=1
In view of (47), we obtain
d(B; Vil Z v, By 'dD;
as required. 0

Using (48), we deduce that the cumulative price of the T;-maturity synthetic market CDS satisfies
(see (10) and (35))

5ﬁ:$+&/

Byt dDl = 1gyery(Ki — 1) A(t, T) — BySi(ri) + Bt/ B ldDi.
10,1]

10,¢]

If we choose k; = k) then manifestly

Si% = e (5} — RO A(LT) + Bt/] B D, = 87w
0,t

We thus have the following immediate corollary to Theorem 1.1.
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Corollary 1.5 Assume that there exist F-predictable processes @', ..., " satisfying the following
conditions, for any t € [0,T),

Mw

k
0,0 = Si(ri)) = Ze— S Y @il =&
=1

=1

Let the process V(o) be given by (42) with the initial condition Vo(p) = S§ and let ©° be given by,
fort e [0,T],

¢} = B V(o).

Then the self-financing trading strategy ¢ = (@, ..., o) in the savings account B and synthetic
market CDSs with dividend processes D', i =1,...,k replicates the defaultable claim (X, A, Z, 7).

Intuitively, one can think of the synthetic market CDS as a stream of CDSs that are continuously
entered into and immediately unwound. Consequently, one can assume an accounting convention
according to which one never holds a non-market CDS: suppose at time 0 one goes long the market
CDS with spread k. If one still owns it at time ¢ > 0, the convention dictates that one owns at
time ¢ the market CDS with spread &, but that it has already paid the cumulative dividends given
by (47). In this way, we avoid any problem with considering the short-sale positions: what would
be a short-sale position in an on-the-run (i.e., non-market) CDS becomes a short position in the
corresponding market CDS. This mathematical convention is actually consistent with the market
practice where default protection is bought or sold and then nullified, that is, CDSs are longed or
shorted and then unwound, as needed.

Remark. Laurent et al. [22] take a different approach to market CDSs. They postulate the
existence of instantaneous digital CDSs. Formally, the instantaneous dynamics of the instantaneous
digital CDS is exactly the same as these of the martingale M. Note, however, that they deal with
a model in which the reference filtration is trivial (this corresponds to the set-up considered in [7]).

1.2.4 Sufficient Conditions for Hedgeability

The first equality in (43) eliminates the jump risk, whereas the second one is used to eliminate
the spread risk. In general, the existence of !, ..., ©* satisfying (43) is not ensured and it is easy
to give an example when a solution to (43) fails to exist. In Example 1.1 below, we deal with
a (admittedly somewhat artificial) situation when the jump risk can be perfectly hedged, but the
prices of traded CDSs are deterministic prior to default, so that the spread risk of a defaultable
claim is non-hedgeable. In general, the solvability of (43) depends on several factors, such as: the
number of traded assets, the dimension of the driving Brownian motion, the random character of
default intensity v and recovery payoffs ¢ and the features of a defaultable claim that we wish to
hedge.

Example 1.1 Let » =0 and k = 2. Assume that x; # ko are non-zero constants, 17 # T5, and let
§' =% = Z = 0. Assume also that the default intensity () > 0 is deterministic and the promised
payoff X is a non-constant Fp-measurable random variable. We thus have (cf. (15))

m, = Eq-(GrX | F) = GrBo- (X | 7,) = Gr (Bo- (X / . dIV,)

for some non-vanishing process £&. However, since 7y is deterministic, it is also easy to deduce from
(30) that ¢} =0, i = 1,2 for every t € [0, T] The first condition in (43) reads Z 1 ©iSi(k;) = S,

and since manifestly 52(/@1) = k; Gy ftT Gy du # 0 for every t € [0,T], no difficulty may arise here.
However, the second equality, Z?Zl i¢t = & cannot be satisfied for every t € [0,7T], since the
left-hand side vanishes for every t € [0, T].
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We shall now provide sufficient conditions for the existence and uniqueness of a replicating
strategy for any defaultable claim in the practically appealing case of CDSs with constant protection
payments. We first address this issue in the special case where k = 2 and the model is driven by a
one-dimensional Brownian motion W. In addition, we assume that the two traded CDSs have the
same maturity, 77 = T» = U; this assumption is made here for simplicity of presentation only, and
it will be relaxed in Proposition 1.5 below. Let us denote

_ U B U
P, = B,G; 'Eq- (/ B:lGuhy du ] }'t), A, = B,G; 'Eq- (/ BI'G, du ‘ ]—'t)
t t
so that 52(1@) =6,P, — k; Ay for i = 1,2. Similarly (cf. (41)) ni = §;m} — k;m?, where we set

ml _]EQ*</UBulGu)\udu‘ft), m? _EQ*(/UBulGudu’}"t)
0 0

By the predictable representation property of the Brownian motion, dm{ = wg dW; for j = 1,2 for
some F-predictable, real-valued processes 9! and 2.

Proposition 1.4 Assume that Ty = Ty = U and the constant protection payments 01 and dz are
such that 61ka # dak1 and (1 — P)p? # App}l for almost every t € [0,T). Then for any defaultable
claim (X, A, Z,7) there exists a unique solution (¢!, p?) to (43).

Proof. In view of (41), we obtain ¢} = 6;9)} — k;1?. Hence the matching conditions (43) become

2 2

> Q0P+ kiA) = Zo— Sty Y@y (G} — ki) =&, (49)
i=1 1=1

where, for conciseness, we denoted ﬁt =1- ]5,5. A unique solution to (49) exists provided that the

random matrix

N, = |: 51?,5 + ngt 52ﬁt +/€2/Ait :|
=

S — K7 Sathf — Kot}
is non-singular for almost every ¢ € [0, T], that is, whenever
det N; = (91 — dukz) (P — At) # 0
for almost every t € [0,T]. O
Equality dok1 — d1k2 = 0 would practically mean that we deal with a single CDS rather than two
distinct CDSs. Note that we have here two sources of uncertainty, the discontinuous martingale M

and the Brownian motion W; hence it was natural to expect that the number of assets required to
span the market equals 3

If the model is driven by a d-dimensional Brownian motion, it is natural to expect that one
will need at least d + 2 assets (the savings account and d + 1 distinct CDSs, say) to replicate any
defaultable claim, that is, to ensure the model’s completeness (for similar results in a Markovian
set-up, see [23]). This question is examined in the next result, in which we denote

TL' . Ti
Pi = B,G 'Eq- (/ BlGuh du ‘ }'t), Al = B,G ' Eq. (/ BI'G, du ’ ]-'t)
t t
so that S¥(k;) = 6; P} — rk; Al for i = 1,..., k. Similarly (cf. (41)) ni = &;m}* — k;m?, where we set
mli = Eq. (/ B G\ du ‘ F), mi =Eq (/
0 0
By the predictable representation property of the Brownian motion, dm{i = wf LdW, for j=12

and i = 1,...,k and some F-predictable, R%valued processes 17 = (/%% ... 17'?). The proof of
the next result relies on a rather straightforward verification of (43).

T‘L

B:la, du’]—}).
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Proposition 1.5 Assume that the number of traded CDS is k = d + 1 and the model is driven
by a d-dimensional Brownian motion. Then conditions (43) can be represented by the linear equa-

tion Nypy = Et with the RE-valued process @y = (1, ...,¢F)t, the RE-valued process a = (Z; —
S, &, €D and the k x k random matriz Ny is given by

51?3 — K)lg% e Skﬁtk — Iﬁ:kzz[f
St = kg L S — P
Nt = . . . ’
51,¢gld _ Féﬂbfld o 6k¢t1kd _ ka?kd
where }3; = 1— P!. For any defaultable claim (X, A, Z,7) there exists a unique solution (o', ..., ")

to (43) if and only if det Ny # 0 for almost all t € [0,T].

2 Multi-Name Credit Default Swap Market

In this section, we shall deal with a market model driven by a Brownian filtration in which a finite
family of CDSs with different underlying names is traded.

2.1 Price Dynamics in a Multi-Name Model

Our first goal is to extend the pricing results of Section 1.1 to the case of a multi-name credit risk
model with stochastic default intensities.

2.1.1 Joint Survival Process

We assume that we are given n strictly positive random times 7,...,7,, defined on a common
probability space (2, G,Q), and referred to as default times of n credit names. We postulate that
this space is endowed with a reference filtration F, which satisfies Assumption 1.2.

In order to describe dynamic joint behavior of default times, we introduce the conditional joint
survival process G(uz, ..., un;t) by setting, for every uq,...,u,,t € Ry,

G(u1, ... un;t) =Q (11 > uty...,Tn > up | Fr).
Let us set 7(;) = 71 A ... A7, and let us define the process G(1)(t;t), t € Ry by setting
G(l)(t;t) =Gt,...,.t;) =Q" (11 > ¢t,...,Tn > t|F) = Q*(T(l) >t Fp).

It is easy to check that G(;) is a bounded supermartingale. It thus admits the unique Doob-
Meyer decomposition Gy = p — v. We shall work throughout under the following counterpart of
Assumption 1.1.

Assumption 2.1 We assume that the process G(1) is continuous and the increasing process v
is absolutely continuous with respect to the Lebesgue measure, so that dv; = v dt for some F-
progressively measurable, non-negative process v. We denote by A the F-progressively measurable
process defined as A\; = G(l; (t; t)vy; we will refer to A as the first-to-default intensity.

We denote Hf = 1¢7,<¢y and we introduce the following filtrations H!, H and G
Hi=0o(H: s€[0,t]), Hi=H;V...VH!, G =F:VHs,

We assume that the usual conditions of completeness and right-continuity are satisfied by these
filtrations. Arguing as in Section 1.1, we see that the process

t/\‘l'(l) . t .
Xodu=HY — / (1— HON, du,

R | 0

0
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is a G-martingale, where we denote Ht(l) =17, <ty and Ay = fot Au du. Note that the first-to-default

intensity \ satisfies

~ . 1(@*(75<T(1)§t+h|.7:t) 1 I ( )
= = 1m — (V, — UV¢).
noh — Q(rq) >t|F) Guy(t:t) mlop

Since we now work in a multi-name set-up Assumption 2.1 is not sufficient for our further
purposes. We find it convenient to make the following standing assumption, in which, for any fixed
i=1,...,n, we denote by G’ the filtration H' V... VH "' vVH*!v...vH"” VF and we also denote
Gi(t;t) = Q*(r; > t|G}). The process G; is manifestly a bounded supermartingale, and thus it

admits the unique Doob-Meyer decomposition G; = p* — v*.

Assumption 2.2 We assume that each process G; is continuous and the increasing process v*
is absolutely continuous with respect to the Lebesgue measure, so that dv; = v!dt for some G'-
progressively measurable, non-negative process v*. We denote by A\* the G*-progressively measurable
process defined as \i = G (t;t)vi.

As usual, it can be verified that for any fixed i = 1,...,n, the process
M; = H; — / (1-HHN, du
0

is a G-martingale, where H; = 147,<sy- Moreover, the G'-intensity process A’ of 7; can also be

represented as A
; 1 Q*(t< 1 <t+h|G}
N =i L < m S t4hIG)

R0 h Q*(m; > t|G})

We have the following auxiliary result, in which we introduce the firsi-to-default intensity X and

the associated martingale M for each credit name i = 1,...,n.
Lemma 2.1 For anyi=1,...,n, the process 2 given by
i . 1Q*(t<Ti§t+h,T(1)>t|.7:t)
Ay = lim —
hl0O h Q*(T(l) >t | ft)

is well defined and the process J/W\i, given by the formula

EAT(1) .

M =H,, - /0 X du,
is a G-martingale.

Proof. Let us set T(il) =T AN . ATi—1 ATig1 A ... ATy On the event {T(il) > t}, which belongs to
Gi, we have

Q*(t<T<t+h|gi)7Q*(t<ri§t+h,t<fgl)|ft) Qi <m <t+h, Ty >t|F)
7> t) — -

Q*(T(il) >t | Ft) Q*(T(il) > t|Ft)
and i} .
Q' > 1] = T2 LTl > ) _ @l > 7).
Q*(7(y) > t1F) Q(r(y) > t1 F)
Hence i = Xi on the event {71y > t}. To conclude the proof, it suffices to observe that ]\//fg = Mti/\m)
for every t € Ry and thus M* is a G-martingale as well. O

It is worth noting that, as expected, the equalities Z?:l N=\and M = Z?:l M are valid.
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2.1.2 Price Dynamics of a First-to-Default Claim

We will now analyze the risk-neutral valuation of first-to-default claims on a basket of n credit
names. As before, 71,...,7, are respective default times and 71y = 71 A ... A 7, stands for the
moment of the first default.

Definition 2.1 A first-to-default claim with maturity 17" associated with 7q,..., 7, is a defaultable
claim (X, A, Z,7(1)), where X is an Fr-measurable amount payable at maturity 7" if no default occurs
prior to or at T, an F-adapted, continuous process of finite variation A : [0,7] — R with Ao = 0
represents the dividend stream up to 71y, and Z = (Z1,...,Zm™) is the vector of F-predictable,
real-valued processes, where Z o specifies the recovery received at time 7y if default occurs prior

to or at T and the ith name is the first defaulted name, that is, on the event {r; = T1) < T}.

The next definition extends Definition 1.2 to the case of a first-to-default claim. Recall that we
denote Ht(l) = L, <ty for every t € [0, T7.

Definition 2.2 The dividend process D = (Dy)cr, of a first-to-default claim maturing at 7" equals,
for every t € Ry,

n

(1—HV)dA, +/

D, = X]l{T<7—(1)}]1[T,oo[(t) —|—/
10,tAT] =

i 1
]]'{T(l):T'i}ZZ dH’l(L ).
10,tAT] 1
We are in the position to examine the prices of the first-to-default claim. Note that

1{t<7<1>}Sf = ]l{t<7<1>}Stc’ ]l{t<T<1>}St = ]l{t<7<1>}5t’

where S¢ and S are pre-default values of S¢ and S, where the price processes S¢ and S are given by
Definitions 1.3 and 1.4, respectively. We postulate that, for i =1,...,n,

Eg«|B;'X| < 00, Eg-

-1 i
BT(1>/\TZT(1)/\T| < 0,

/ B;'(1— HY)dA,| < 0o, Eg-
10,7]

so that that the ex-dividend price S; (and thus also cumulative price S€¢) is well defined for any
t € [0,7]. In the next auxiliary result, we denote Y? = B~'Z%. Hence Y is a real-valued, F-
predictable process such that Eg- |Y7?(1) Ar| < o0

Lemma 2.2 We have that

= B g TnYiXiG ) d

B Eq- ( Z ]l{t<7'(1):7'11 ST}Yf(I)
i=1

Proof. Let us fix i and let us consider the process V! = 141}, ,j(u) for some fixed datet < s <v < T
and some event A € F,;. We note that

) ) . . UAT(1) .
ﬂ{s<r(1):n§v} = H:’/\T(l) — HS/\T(l) = Mv - MS + //\ >‘u du.
S T(l)
Using Lemma 2.1, we thus obtain
Eq- (]1{75<T(1):T1ST}Y7%(1> gt) = [Eq- <1A]1{8<T(1):T¢SU} gt)
o~ UAT(1)
= Eg- (11A(M; _ M +/ X du) ‘gt)
SAT(1)

— Eg (]1A]EQ* (J\Zﬁ —1\7;+/W(1) X, du‘gs) ‘Qt)

SAT(1)
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ATy
Eo- / Yix, du|G,)
t

AT(1)
Lero) G5 / VNG (w5 ) du | 7).
where the last equality follows from the formula
T/\T(l) 1
Eg- (/ R, du ’ gt) =lj<roy 7+ —pn e / R,G(1)(u; u) du ‘ .7-})
AT, () (t;t

which is known to hold for any F-predictable process R such that the right-hand side is well defined
(see Proposition 5.1.2 in [3]). O

Given Lemma 2.2, the proof of the next result is very much similar to that of Proposition 1.1
and thus is omitted.

Proposition 2.1 The pre-default ex-dividend price S of a first-to-default claim (X, A, Z, 7)) sat-
isfies

o _ By 1 iy
S0= G B (B Go)(T T)XIL{t<T}+/ BI'Gy(usu (;Zu/\udqudAu) ‘]—}).

By proceeding as in the proof of Proposition 1.2, one can also establish the following result,
which gives dynamics of price processes S and S¢. Recall that u is the continuous martingale arising
in the Doob-Meyer decomposition of the hazard process G/y).

Proposition 2.2 The dynamics of the pre-default ex-dividend price S of a first-to-default claim
(X,A,Z,71y) on 0,71y ANT] are

Sy = (re+N)Spdt =Y XiZjdt — dA, + G)\(t:1) (Be dmy — Sy dpy)

i=1

+ Gt (Sed(w) — By d{p,m)),

where the continuous F-martingale m is given by the formula
T no
my = Bg- | Bp'Gy(T: T)X + / B 'G 1 (u; u) (Z ZiNL du + dAu> ‘ 7). (50)
0 i=1

The dynamics of the cumulative price S¢ on [0, 71y AT] are

sy = > (2zj - Si-)dM; + (rt§t -3 Xg’z;‘) dt — dA; + G\ (t:1) (B dmy — Sy dpy)
i=1 i=1

+ G5 £)(Se d{p)e — By d(p,m)y).

2.1.3 Hypothesis (H)

As in the single-name case, the most explicit results can be derived under an additional assumption
of the immersion property of filtrations F and G.

Assumption 2.3 We assume that any F-martingale under Q* is a G-martingale under Q*. This
also implies that Hypothesis (H) holds between F and G. In particular, any F-martingale is also a
Gi-martingale for i = 1,2,...,n, that is, Hypothesis (H) holds between F and G* fori =1,2,...,n
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It is worth stressing that, in general, there is no reason to expect that any G°-martingale is
necessarily a G-martingale. We shall argue that even when the reference filtration F is trivial this
is not the case, in general (except for some special cases, for instance, under the independence
assumption).

Example 2.1 Let us take n = 2 and let us denote GilQ = Q*(ry > t|H?) and G(u,v) = Q(ry >
u, 7o > v). It is then easy to prove that

12 [ 0:G(t,t)  G(t,t) 9 ) 2 O G(t, 1)
dG,"” = (82G(O,t) - G(O,t)) dM; + (Ht 81h<t,7’2) + (1 — H; )C;(()7]f)> dt,

where h(t,u) = 250 and M2 is the H2-martingale given by

= 5.G(0u)
M7 9,G(0,u)
M? = H? + / 2007 .
k k 0 G(O’u)

If Hypothesis (H) holds between H? and H' vV H? then the martingale part in the Doob-Meyer
decomposition of G'1? vanishes. We thus see that Hypothesis (H) is not always valid, since clearly
HG(t,t)  G(t,1)

G(0,t)  G(0,t)

does not vanish, in general. One can note that in the special case when 75 < 71, the martingale part
in the above-mentioned decomposition disappears and thus Hypothesis (H) holds between H? and
H! v H? (this case was recently studied by Ehlers and Schénbucher [13]).

From now on, we shall work under Assumption 2.3. In that case, the dynamics of price processes
obtained in Proposition 2.1 simplify, as the following result shows.

Corollary 2.1 The pre-default ex-dividend price S of a first-to-default claim (X, A, Z, (1)) satisfies

dS, = (re + \)Sedt = Y XNiZi dt — dA, + B,G

i=1

(1) (t t) dmt,

where the continuous F-martingale m is given by (50). The cumulative price S¢ of a first-to-default
claim (X, A, Z,7(1)) is given by the expression, for t € [0,T A 7(1)],

dSy = ry Sy dt + Zn:(Zz -5 dJ\/IZ + BtG(_S(t; t) dmy. (51)
i=1
Equivalently, fort € [0,T A 1(y)],
dS¢ =S¢ dt + Zn:(Z;' — S,)dMi + BtG(‘lﬁ(t; t) diny, (52)
i=1
where m is a G-martingale given by My = mypr,, for every t € [0,T].

In what follows, we assume that F is generated by a Brownian motion. Then there exists an
F-predictable process £ for which dm; = & dW; so that formula (52) yields the following result.

Corollary 2.2 The discounted cumulative price of a first-to-default claim (X, A, Z,7(1)) satisfies,
fort € [0,T A1y,

dse™ = ZB —5) dM“rG(l)(t )& AW



T.R. BIELECKI, M. JEANBLANC AND M. RUTKOWSKI 23

2.1.4 Price Dynamics of a CDS

By the ith CDS we mean the credit default swap written on the ith reference name, with the maturity
date T;, the constant spread r; and the protection process §°, as specified by Definition 1.5.

Let S tj /() stand for the ex-dividend price at time ¢ of the ith CDS on the event 7(;) = 7; =t
for some j # i. This value can be represented using a suitable extension of Proposition 2.1, but we
decided to omit the derivation of this pricing formula. Assuming that we have already computed

S;IJ( %), the ith CDS can be seen, on the random interval [0,7; A 7(1)], as a first-to-default claim
(X, A, Z,11y) with X =0, Z = (SZ‘I(Hi)7...,(5i,...,Si

tln

applies also to the random interval [0, 7" A 7(y)] for any fixed T' < T;.

(k;)) and Ay = —k;t. This observation

Let us denote by n’ the following F-martingale

n T
n; = Eg- (Z/O B Gy (u; u) (51/\1 + Z Su|] Ki) A )du’}")
i=1

J=1,j#1

The following result can be easily deduced from Proposition 2.1.

Corollary 2.3 The cumulative price of the ith CDS satisfies, for t € [0,T; A 1(1)],

dSEH (k) = 1SS (k) dt + (5F — S (k;)) dM] + Z 15 (50) = Si(k:)) MY + B, G\ (8 1) dn.
Jj=1,j#i

Consequently, the discounted cumulative price of the ith CDS satisfies, for t € [0,T; A 7(1)],

dSE (k) = B (8! — Si(ky)) dM] + Z 1 (k) = Sis ))de—i—G St 0C AW,
J=1,j#i

where ¢ is an F-predictable process such that dni = ¢ dW;.

Note that the F-martingale n’ can be replaced by the G-martingale ni = n}, "

2.2 Replication of a First-to-Default Claim

Our final goal is to extend Theorem 3.1 in Bielecki et al. [7] and Theorem 1.1 of Section 1 to
the case of several credit names in a hazard process model in which credit spreads are driven by a
multi-dimensional Brownian motion. We consider a self-financing trading strategy ¢ = (©°, ..., %)
with G-predictable components, as defined in Section 1.2. The Oth traded asset is thus the savings
account; the remaining k primary assets are single-name CDSs with different underlying credit names
and/or maturities. As before, for any [ = 1,...,k we will use the short-hand notation S'(x;) and
Se(k;) to denote the ex-dividend and cumulative prices of CDSs with respective dividend processes
D(ky,6', Ty, %) given by formula (25). Note that here 7 = 7; for some j =1,...,n. We will thus
write 7; = 7, in what follows.

Remark. Note that, typically, we will have k¥ = n + d so that the number of traded assets will be
equal ton +d+ 1.

Recall that the cumulative price of a first-to-default claim (X, A, Z, (1)) is denoted as S¢. We
adopt the following natural definition of replication of a first-to-default claim.

Definition 2.3 We say that a self-financing strategy ¢ = (¢, ..., o) replicates a first-to-default
claim (X, A, Z,7(1)) if its wealth process V(p) satisfies the equality Viar,,(p) = Sinr, for any
te 0,7
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When dealing with replicating strategies in the sense of the definition above, we may and do
assume, without loss of generality, that the components of the process ¢ are F-predictable processes.
This is rather obvious, since prior to default any G-predictable process is equal to the unique F-
predictable process.

The following result is a counterpart of Lemma 1.3. Its proof follows easily from Lemma 1.2
combined with Corollary 2.3, and thus it is omitted.

Lemma 2.3 We have, for anyt € [0,T A 71y,

vy (¢ Z‘Pt( — () AN + Z Sy (s1) = Si(m0)) M + G} (t:t) dnt)

J=1,3#5
where

T
:EQ*< 0 ZBizlG(l)(uvu <5l Ajl + Z SU|J /‘i?l . —/ﬂ) du’ft>

J=1,3#5

We are now in the position to extend Theorem 1.1 to the case of a first-to-default claim on a
basket of n credit names. It is also an extension of Theorem 3.1 in [7] to the case of non-trivial
reference filtration F.

Recall that ¢ and ¢!, I =1,..., k are F-predictable, R%-valued processes such that dm; = & dW,
and dn} = ¢! dW;.

Theorem 2.1 Assume that the processes @, ..., " satisfy, fort € [0,T] andi=1,...,n

k k
Yo @G-S+ Y B(Shilk) = Si(m)) = Z; = 5,
=1, 5;,=1 =1, j1#1

and Zf:l QL =&. Let us set o} = '(t A1) fori=1,...,k and t € [0,T]. Let the process V(y)
be given by Lemma 2.3 with the initial condition Vo(p) = S§ and let ©° be given by

k
Vi(o) = @V Bi+ > 081 (k).

=1

Then the self-financing strategy ¢ = (¢°, ..., o*) replicates the first-to-default claim (X, A, Z, T(1))-

Proof. The proof goes along the similar lines as the proof of Theorem 1.1. It suffices to examine
replicating strategy on the random interval [0, 7' A 7(yy]. In view of Lemma 2.3, the wealth process
of a self-financing strategy ¢ satisfies on [0,7" A 7(y)]

k
AV (¢ Z‘P( — Sl(ry)) dM + Z By (S (k) — SH(m)) dM + G t)gtth>
=1

J=1.3#0

whereas the discounted cumulative price of a first-to-default claim (X, A, Z, 7)) satisfies on the
interval [0, T A 7] (cf. (51))

dse = ZB Si-)dM; + (1= H{D)G ) (8 )& AW

A comparison of the last two formulae leads directly to the stated conditions. It then suffices to
verify that the strategy ¢ = (¢°, ..., ") introduced in the statement of the theorem replicates a
first-to-default claim in the sense of Definition 2.3. Since this verification is rather standard, it is
left to the reader. |
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