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Phototransduction

currently modeled as an
uncoupled pair of deterministic,

simple diffusion equations,
interacting at the boundary

conditions

Gt = Cg∆G, (1)

Ct = Cc∆C, (2)

where
Cg is the diffusion coefficient for

the first species, with
concentration G, and Cc is the

diffusion coefficient for the second
species, with concentration C.
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Boundary Conditions

At the boundary, the flux is
specified as:

Cg
∂G

∂z
= κ1F1(C)∇G + δjF2(G),(3)

Cc
∂C

∂n
= κ2F3(C)− κ3F4(G).(4)

3



Motivation for Proposals

• currently modeled as an uncou-
pled pair of deterministic, sim-
ple diffusion equations, interact-
ing at the boundary conditions

• we want a way of modeling un-
certainty in the feedback mech-
anism, specially since they are
coupled at the boundary condi-
tions

• we may also try to model un-
certainty in the diffusion process
itself (stochastic heat equation),
which is usually used to model
discrete populations, e.g., chem-
ical species.
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• surfaces studied in biology are
usually curved or irregularly shaped,
so we might want to use a more
general expression for the diffu-
sion equation

• the complicated geometry of bi-
ological surfaces make for an ap-
parent anisotropy in the diffu-
sion process, even though it is
molecularly isotropic.
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•Noise in the Boundary

– Past Research: Scalar Trans-
port Equation

– Past Research: Enstropy and
Ergodicity

• Stochastic Heat Equation

•Diffusion on the Surface of a Sphere

•Anisotropic Diffusion

•Dynamics
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Noise in the boundary conditions

•Use the present deterministic un-
coupled system, and add noise
on the boundary, similar to [?]
and [?]. At present, we believe
the theorem will work.

•Add boundary noise in the nu-
merical simulations, similar to [?]
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Past Research: Dynamics of
Transport Under Random Fluxes

on the Boundary

The impact of boundary noise on the dynamical
evolution of the scalar transport equation in shear flows
is studied, taking off from earlier studies in shear-flow

dispersion in internal waves, a mechanism for horizontal
mixing in the ocean. In particular, we model a gravity

current evolving under an assumed shear-flow.

The transport equation is
deterministic, with a noise term at

the inlet boundary. This was
motivated by observed seasonal

fluctuations in some known
sources of salty, dense water in the
oceans, like the Red Sea overflow,
as well as observed thermal and

saline anomalies in the
thermohaline circulation.
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Figure 1: Color-coded density plot for temperature at time t=0; red is coldest,
blue is least cold
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Mathematical Formulation

The equation is

St + u · ∇S = κ∆S, (x, z) ∈ D(5)

where D = [0, 1]×[0, 1], and κ > 0
is the salute diffusivity.
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The Boundary Conditions

This linear transport equation is
then supplemented with the follow-
ing boundary conditions

∂S

∂n
= F (z) + noise, on inlet boundary , x=0

∂S

∂n
= 0 on rest of boundary (6)

where F (z) is the mean tracer or
passive scalar flux. In the case of
Wiener white noise, ∂S

∂nF (z) + Ẇt,
where Wt is a Brownian motion de-
fined in a probability space (Ω,F ,P).
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The Solution

A form for the solution is known,
using a theorem of Da Prato and
Zabczyk [?]. If we let A be the lin-
ear (in S) operator

A = −u · ∇ − κ∆, (x, z) ∈ D(7)

then the equation has the form

St = AS (8)

and we write the boundary condi-
tions as a vector Y

Y =



F (z) + Ẇt
0


 , (9)

we may let operator γ define the
boundary conditions as:

γS = Y. (10)
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Here, we will just assume that A gen-
erates a C0 semigroup of operators X(t),
t ≥ 0. A proper proof will require verifi-
cation of the requirements of the Lumer-
Philipps theorem.

If we designate as

N (Y ) = φ (11)

where

A(λ− φ) = 0 (12)

that is, N is the solution opera-
tor of the above eigenvalue prob-
lem, then we write the solution as:

S = X(t)S0(x, z) + (λ− A)
∫ t

0
X(t− s)N (Y )ds (13)
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Past Research: An Un-coupled
System

The equations are

qt+J(q, ψ) = ∆q−Ra∂xS, (14)

St + J(S, ψ) =
1

Pr
∆S, (15)

where q(x, z, t) = −∆ψ is the vor-
ticity in terms of stream function
ψ, Pr is the Prandtl number and
Ra is the Rayleigh number.
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The Initial and Boundary
Conditions

The boundary and initial conditions are:

q = 0, on ∂D,(16)
∂S

∂n
= 0, on ∂D\{x = 0, 0 < z < 1},(17)

∂S

∂x
= F (z) + ẇ(z, t), on {x = 0, 0 < z < 1},(18)

u(0) = u0 =




qo

So


 ,(19)

where n is the outward unit normal vector
of ∂D. The system (??) consists of deter-
ministic partial differential equations with
stochastic Neumann boundary conditions.
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Homogenization of Boundary
Conditions ...

Note that we have a non-homogenous
stochastic boundary condition for salinity
S, so the first step is to homogenize this

boundary condition.
To this end, we need an

Ornstein-Uhlenbeck stochastic process
solving the linear differential equation

dη1

dt
= ∆η1, (20)

with the same boundary conditions as for
S, and zero initial condition

∂xη1(t, 0, z, ω) = F (z) + ẇ(z, t), (21)

∂xη1(t, 1, z, ω) = 0, (22)

∂zη1(t, x, 0, ω) = 0, (23)

∂zη1(t, x, 1, ω) = 0, (24)

η1(0, x, z, ω) = 0, (25)
∫

D η1dD = 0. (26)
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Form of solution

We can write down the solution η1 as

η1(t, x, z, ω) = (λ−∆)
∫ t
0 X(t−s)N (Y)ds

(27)
where N is the solution operator to the

elliptic boundary value problem
∆h− λh = 0 with the boundary

conditions for h the same as η1, that is
∂h/∂n = X on ∂D with

∫
D hdD = 0,

where n is the unit outer normal vector
to ∂D and X is

Y =




F (z) + ẇ(z, s)
0
0
0




.

Here λ is chosen so that this elliptic
boundary value problem has a unique
solution. For our Neumann boundary
conditions, we can choose λ to be any
positive number, say λ = 1. Moreover,

X(t) is a strongly continuous semigroup,
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symbolically, e∆t, that is, the generator
of X(t) is ∆.
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The Stochastic Heat Equation

Gt = Cg∆G + Ẇt (28)

This has been used to model
structured populations (where
individuals can be grouped into

discrete classes) in random
environments [?]. Also related to

the distribution of
two-dimensional polymers in a

random environment,[?].

What is the meaning in this case?
Is it helpful in this case?

This model could then segue into
a first-passage time problem,

similar to our current research on
the Morris-Lecar neural model.
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The Heat Equation on the Surface
of a Sphere

Currently, the diffusion equation
being solved is the ’flat’ case, as
on a Euclidean plane, although the
physical geometry is a cylinder.

ut = uxx + uzz

There have been many investiga-
tions on solving the diffusion equa-
tion on curved or irregular surfaces,
as in [?], [?],[?], and [?]. Several
methods have emerged, from Monte-
Carlo-based simulations to spheri-
cal harmonics and weighted fourier
series representation.

On the surface of a sphere (r, θ, φ)
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where r = 1 (a unit sphere), this
would be
ut = csc2 φuθθ + uφφ + cot φuφ

25



Outline

•Noise in the Boundary

– Past Research: Scalar Trans-
port Equation

– Past Research: Enstropy and
Ergodicity

• Stochastic Heat Equation

•Diffusion on the Surface of a Sphere

•Anisotropic Diffusion

•Dynamics

26



Anisotropy in the Laplacian

The problem of anisotropy in the
Laplacian (controversially) appears
in oceanographic applications as a
result of disparate length scales [?],
and we see it again as an appar-
ent anisotropy in biological appli-
cations as a result of differing mem-
brane curvatures in different spa-
tial directions. This has been stud-
ied in [?], [?] and [?].
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Dynamics

What is the behavior of the sys-
tem in phase-space? Are there re-
current motions? The determinis-
tic Morris-Lecar neural model showed
oscillations in [?], and its random
dynamics were investigated in [?].
We did a theoretical investigation
of recurrent motions for a Navier-
Stokes system in [?].
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