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Abstract. An effective macroscopic model for a stochastic microscopic system is derived. The
original microscopic system is modeled by a stochastic partial differential equation defined on a
domain perforated with small holes or heterogeneities. The homogenized effective model is still a
stochastic partial differential equation but defined on a unified domain without holes. The solutions
of the microscopic model are shown to converge to those of the effective macroscopic model in
probability distribution, as the size of holes diminishes to zero. Moreover, the long time effectivity
of the macroscopic system in the sense of convergence in probability distribution, and the effectivity
of the macroscopic system in the sense of convergence in energy are also proved.
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1. Introduction. In recent years there has been explosive growth of activities
in multiscale modeling of complex phenomena in many areas, including material sci-
ence, climate dynamics, chemistry and biology [15, 31]. Stochastic partial differential
equations (SPDEs or stochastic PDEs) — evolutionary equations containing noises —
arise naturally as mathematical models of multiscale systems under random influences.
In fact, the need to include stochastic effects in mathematical modelling of realistic
physical phenomena has become widely recognized in, for example, condensed matter
physics, climate and geophysical sciences, and materials sciences. But implementing
this idea poses some challenges both in theory and in computation [17, 33].

This paper is devoted to the effective macroscopic dynamics of microscopic sys-
tems modeled by parabolic SPDEs in perforated media which exhibit small-scale het-
erogeneities. One example of such microscopic systems of interest is composite materi-
als with microscopic heterogeneities under the impact of external random fluctuations.
The heterogeneity scale is taken to be much smaller than the macroscopic scale, which
is equivalent, here, to assuming that the heterogeneities are evenly distributed. From
a mathematical point of view, one can assume that microscopic heterogeneities (holes)
are periodically placed in the media. This periodicity can be represented by a small
positive parameter ε (i.e., the period). In fact we work on the space-time cylinder
Dε × (0, T ), with T > 0, and Dε being the spatial domain obtained by removing a
number Nε of holes, of size ε, periodically distributed, from a fixed domain D. When
taking ε → 0, the holes inside D are smaller and smaller and their numbers goes to
∞. This signifies that the heterogeneities are finer and finer.
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There has been a lot of work on the homogenization problem for the deterministic
systems defined in such perforated domain or other heterogeneous media, see for
example [6, 24, 25, 28, 30] for heat transfer in a composite material, [6, 8, 11] for the
wave propagation in a composite material and [21, 23] for the fluid flow in a porous
media. For an introduction in homogenization, see [9, 18, 27].

Recently there are also works on homogenization of partial differential equations
(PDEs) in the random context; see [19, 22, 26] for PDEs with random coefficients,
and [5, 35, 36] for PDEs in randomly perforated domains. And also see a survey book
about the homogenization results in a random context [18]. A basic assumption in
these texts is the ergodic hypotheses on the coefficients for the passing of the limit
of ε → 0. Note that the microscopic models in these works are partial differential
equations with random coefficients, so-called random partial differential equations
(random PDEs), instead of stochastic PDEs.

In the present paper, the microscopic model is a SPDE defined in a perforated
domain. Homogenization techniques are employed to derive an effective, simplified,
macroscopic model. Homogenization is a formal mathematic procedure for deriving
macroscopic models from microscopic systems. It has been applied to a variety of
problems including composite materials modeling, porous media and climate model-
ing; see [9, 10, 18, 27]. Homogenization provides effective macroscopic behavior of the
systems with microscopical heterogeneities for which direct numerical simulations are
usually too expensive.

We consider a spatially extended system where stochastic effects are taken into
account in the model equation, defined on a deterministic domain but perforated
with small scale holes. Specifically, we study a class of stochastic partial differential
equations driven by white noise on a perforated domain in the following form

duε(t) = (Aεuε + Fε(x, t))dt + Gε(x, t)dW (t), 0 < t < T, ε > 0,(1.1)

which will be described in detail in the next section. For the general theory of SPDEs
we refer to [12]. The goal here is to derive the homogenized equation (effective equa-
tion), which is still a stochastic partial differential equation, for (1.1) by the homog-
enization techniques in the sense of probability.

Homogenization theory has been developed for deterministic systems, and com-
pactness discussion for the solutions {uε}ε in some function space is a key step in vari-
ous homogenization approaches [9]. However, due to the appearance of the stochastic
term in the above microscopic system considered in this paper, such compactness
result does not hold for this stochastic system. Fortunately the compactness in the
sense of probability, that is, the tightness of the distributions for {uε}, still holds. So
one appropriate way is to homogenize the stochastic system in the sense of probability.
The goal in this paper is to derive an effective macroscopic equation for the above
microscopic system, by homogenization in the sense of probability. It is shown that
the solution uε of the microscopic or heterogeneous system converges to that of the
macroscopic or homogenized system as ε ↓ 0 in probability distribution. This means
that the distribution of {uε}ε weakly converges, in some appropriate space, to the
distribution of a stochastic process which solves the macroscopic effective equation.
Moreover, the long time effectivity of the homogenized macroscopic system is demon-
strated, that is, the solution uε(t) is shown to converge to the stationary solution of
the homogenized equation as t →∞ and ε ↓ 0 in the sense of probability distribution.
Furthermore, the effectivity of the macroscopic system in the sense of convergence in
energy is also shown.
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In our approach, one difficulty is that the spatial domain is changing as ε → 0.
To overcome this we use the extension operator introduced in [8] and introduce a
new probability space depending on a parameter in which the solution is uniformly
bounded. One novelty here is that the original microscopic model is a stochastic PDE,
instead of a random PDE as studied by others, e.g., [19, 26, 7].

This paper is organized as follows. The problem formulation is stated in §2.
Section 3 is devoted to basic properties of the microscopic system. The effective
macroscopic equation is derived in §4. The long time effectivity of the homogenized
macroscopic system is considered in §6. Finally, the effectivity of the macroscopic sys-
tem in the sense of convergence in energy is shown in §5. Moreover, in the Appendix
we present the explicit expression of the homogenization matrix.

2. Problem formulation. Let D be an open bounded set in Rn, n ≥ 2, with
smooth boundary ∂D and ε > 0 is a small parameter. Let Y = [0, l1)× [0, l2)× · · · ×
[0, ln) be a representative (cubic) cell in Rn and S an open subset of Y with smooth
boundary ∂S, such that S ⊂ Y . Write l = (l1, l2, · · · , ln). Define εS = {εy : y ∈ S}.
Denote by Sε,k the translated image of εS by kl, k ∈ Zn, kl = (k1l1, k2l2, · · · , knln).
And let Sε be the set of all the holes contained in D and Dε = D\Sε. Then Dε is a
periodically perforated domain with holes of the same size as period ε. We assume that
the holes do not intersect with the boundary ∂D, which implies that ∂Dε = ∂D∪∂Sε.
See Fig. 1 for the case n = 2. This assumption is for avoiding technicalities and the
results of our paper will remain valid without this assumption; see [1].

In the sequel we use the notations

Y ∗ = Y \S, ϑ =
|Y ∗|
|Y |

with |Y | and |Y ∗| the Lebesgue measure of Y and Y ∗ respectively. And denote by ṽ
the zero extension to the whole D for any function defined on Dε:

ṽ =
{

v on Dε,
0 on Sε.

¾

µ

x = ε y

y = x
ε

-

6
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O

Fig. 1: Geometric setup in R2
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Now for T > 0 fixed final time, we consider the following Itô type nonautonomous
stochastic partial differential equation defined on the perforated domain Dε in Rn.

duε(x, t) =
(
div

(
Aε(x)∇uε(x, t)

)
+ fε(x, t)

)
dt + gε(t)dW (t)(2.1)

in Dε × (0, T ),
uε = 0 on ∂D × (0, T ),(2.2)

∂uε

∂νAε

= 0 on ∂Sε × (0, T ),(2.3)

uε(0) = u0
ε in Dε,(2.4)

where the matrix Aε is

Aε =
(
aij

(x

ε

))
ij

and

∂ ·
∂νAε

=
∑

ij

aij

(x

ε

) ∂ ·
∂xj

ni

with n the exterior unit normal vector on the boundary ∂Dε.
We make the following assumptions on the coefficients:
1. aij ∈ L∞(Rn), i, j = 1, · · · , n;
2.

∑n
i,j=1 aijξiξj ≥ α

∑n
i=1 ξ2

i for ξ ∈ Rn and α a positive constant;
3. aij are Y -periodic.

Furthermore we assume that

fε ∈ L2(Dε × [0, T ])(2.5)

and for 0 ≤ t ≤ T , gε(t) is a linear operator from `2 to L2(Dε) defined as

gε(t)k =
∞∑

i=1

gi
ε(x, t)ki, k = (k1, k2, · · ·) ∈ `2

where gi
ε(x, t) ∈ L2(Dε × [0, T ]), i = 1, 2, · · ·, are measurable functions with

∞∑

i=1

|gi
ε(x, t)|2L2(Dε)

< CT , t ∈ [0, T ](2.6)

for some positive constant CT independent of ε. In (2.1), W (t) = (W1(t), W2(t), · · ·)
is a Wiener process in `2 with covariance operator Q = Id`2 and {Wi(t) : i = 1, 2, · · ·}
are mutually independent real valued standard Wiener processes on a complete prob-
ability space (Ω,F ,P) with a canonical filtration (Ft)t≥0. Then

|gε(t)|2LQ
2

=
∞∑

i=1

|gi
ε(x, t)|2L2(Dε)

< CT , t ∈ [0, T ].(2.7)

Here LQ
2 is the space of Hilbert-Schmit operators [12, 16]. Denote by E the expectation

operator with respect to P.
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The following compactness result [20] will be used in our approach. Let X ⊂ Y ⊂
Z be three reflective Banach spaces and X ⊂ Y with compact and dense embedding.
Define Banach space

G = {v : v ∈ L2(0, T ;X ),
dv

dt
∈ L2(0, T ;Z)}

with norm

|v|2G =
∫ T

0

|v(s)|2Xds +
∫ T

0

∣∣∣dv

ds
(s)

∣∣∣
2

Z
ds, v ∈ G.

Lemma 2.1. If B is bounded in G, then it is precompact in L2(0, T ;Y).

Let S be a Banach space and S ′ be the strong dual space of S. We recall the
definitions and some properties of weak convergence and weak∗ convergence [34].

Definition 2.2. A sequence {sn} in S is said to converge weakly to s ∈ S if
∀s′ ∈ S ′,

lim
n→∞

(s′, sn)S′,S = (s′, s)S′,S

which is written as sn ⇀ s weakly in S. Note that (s′, s) denotes the value of the
continuous linear functional s′ at the point s.

Lemma 2.3. (Eberlein-Shmulyan) Assume that S is reflexive and let {sn} be
a bounded sequence in S. Then there exists a subsequence {snk} and s ∈ S such that
snk ⇀ s weakly in S as k → ∞. If all the weak convergent subsequence of has the
same limit s, then the whole sequence {sn} weakly converges to s.

Definition 2.4. A sequence {s′n} in S ′ is said to converge weakly∗ to s′ ∈ S ′ if
∀s ∈ S,

lim
n→∞

(s′n, s)S′,S = (s′, s)S′,S

which is written as s′n ⇀ s′ weakly∗ in S ′.
Lemma 2.5. Assume that the dual space S ′ is reflexive and let {s′n} be a bounded

sequence in S ′. Then there exists a subsequence {s′nk} and s′ ∈ S ′ such that s′nk ⇀ s′

weakly∗ in S ′ as k →∞. If all the weakly∗ convergent subsequence of {s′n} has the
same limit s′, then the whole sequence {s′n} waekly∗ converges to s′.

We also use the following definition of the weak convergence of the Borel proba-
bility measures on S, for more we refer to [14].

Definition 2.6. Let {µε}ε be a family of Borel probability measures on the
Banach space S. We say µε weakly converges to a Borel measure µ on S if

∫

S
hdµε →

∫

S
hdµ, as ε ↓ 0,

for any h ∈ Cb(S), the space of bounded continuous functions on S.
In the following, for a fixed T > 0, we always denote by CT a constant indepen-

dent of ε.
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3. Basic properties of the microscopic model. In this section we will present
some estimates of the solutions of microscopic model (2.1), useful for the tightness
result of the distributions of solution processes in some appropriate space.

Let H = L2(D) and Hε = L2(Dε). Define the following space

Vε = {u ∈ H1(Dε), u|∂D = 0}
provided with the norm

|v|Vε = |∇Aεv|⊕nHε =
∣∣∣
( n∑

j=1

aij

(x

ε

) ∂v

∂xj

)n

i=1

∣∣∣
⊕nHε

.

This norm is equivalent to the usual H1(Dε)-norm, with an embedding constant
independent of ε, due to the assumptions on aij in the last section. Here ⊕n denotes
the direct sum of the Hilbert spaces with usual direct sum norm. Let

D(Aε) =
{

v ∈ Vε : div(Aε∇v) ∈ Hε and
∂v

∂νAε

∣∣∣
∂Sε

= 0
}

and define operator Aεv = div(Aε∇v) for v ∈ D(Aε). Then system (2.1)-(2.4) can be
written as the following abstract stochastic evolutionary equation

duε = (Aεuε + fε)dt + gεdW, uε(0) = u0
ε .(3.1)

By the assumptions on aij , operatorAε generates a strongly continuous semigroup
Sε(t) on Hε. Solution of (3.1) can then be written in the mild sense

uε(t) = Sε(t)u0
ε +

∫ t

0

Sε(t− s)fε(s)ds +
∫ t

0

Sε(t− s)gε(s)dW (s)(3.2)

And the variational formulation is
(
duε(t), v

)
H−1

ε ,Vε
=

(
−

∫

Dε

Aε(x)∇uε(x, t)∇v(x)dx +
∫

Dε

fε(x, t)v(x)dx
)
dt +

∫

Dε

gε(x, t)v(x)dW (t), in D′(0, T ), v ∈ Vε,(3.3)

with uε(0, x) = u0
ε(x).

For the well-posedness of system (3.1) we have the following result.
Theorem 3.1. (Global well-posedness of microscopic model) Assume that

(2.5) and (2.7) hold. Let u0
ε be a

(F0,B(Hε)
)
-measurable random variable. Then

system (3.1) has a unique mild solution u ∈ L2
(
Ω, C(0, T ; Hε) ∩ L2(0, T ;Vε)

)
, which

is also a weak solution in the following sense

(uε(t), v)Hε

= (u0
ε , v)Hε +

∫ t

0

(Aεuε(s), v)Hεds +
∫ t

0

(fε, v)Hεds +
∫ t

0

(gεdW, v)Hε(3.4)

for t ∈ [0, T ) and v ∈ Vε. Moreover if u0
ε is independent of W (t) with E|u0

ε |2Hε
, < ∞,

then

E|uε(t)|2Hε
+ E

∫ t

0

|uε(s)|2Vε
ds ≤ E|u0

ε |2Hε
+ CT , for t ∈ [0, T ],(3.5)
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and

E
∫ t

0

|u̇ε(s)|2H−1
ε

ds ≤ CT (E|u0
ε |2Hε

+ 1), for t ∈ [0, T ].(3.6)

If further assume that

|∇Aεgε(t)|2LQ
2

=
∞∑

i=1

|∇Aεg
i
ε(t)|2⊕nHε

≤ CT , for t ∈ [0, T ](3.7)

and u0
ε ∈ Vε with E|u0

ε |2Vε
< ∞, then

E|uε(t)|2Vε
+ E

∫ t

0

|Aεuε(s)|2Hε
ds ≤ E|u0

ε |2Vε
+ CT , for t ∈ [0, T ].(3.8)

Moreover, system (3.1) is well-posed on [0,∞) when

fε ∈ L2(0,∞; Hε), gε ∈ L2(0,∞;LQ
2 ).(3.9)

Proof. By the assumption (2.7), we have

|gε(t)|2LQ
2

=
∞∑

i=1

|gi
ε(t, x)|2Hε

< ∞.

Then the classical result of [12] yields the local existence of uε. And applying the
stochastic Fubini theorem, it is easy to verify the local mild solution is also a weak
solution.

Now we give the following a priori estimates which yields the existence of weak
solution on [0, T ] provide (2.5) and (2.7) hold.

Applying Itô formula to |uε|2, we obtain

d|uε(t)|2Hε
− 2(Aεuε, uε)Hεdt = 2(fε, uε)Hεdt + 2(gεdW, uε)Hε + |gε|2LQ

2
dt.(3.10)

By the assumption on aij , we see that

−(Aεuε, uε)Hε ≥ λ|uε|2Hε

for some constant λ > 0 independent of ε. Then integrating (3.10) with respect to t
yields

|uε(t)|2Hε
+

∫ t

0

|uε|2Vε
ds

≤ |u0
ε |2Hε

+ λ−1|fε|2L2(0,T ;Hε)
+

∫ t

0

(gεdW, uε)Hεds +
∫ t

0

|gε|2LQ
2
ds.

Taking expectation on both sides of the above inequality, we derive (3.5).
In a similar way, application of Itô formula to |uε|2Vε

= |∇Aεuε|2⊕nHε
results in the

relation

d|uε(t)|2Vε
+ 2(Aεuε,Aεuε)Hεdt

= −2(fε,Aεuε)Hεdt− 2(gεdW,Aεuε)Hε + |∇Aεgε|2LQ
2
dt.(3.11)
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Integrating both sides of (3.11) and by the Cauchy-Schwarz inequality, it is easily to
have

|uε(t)|2Vε
+

∫ t

0

|Aεuε|2Hε
ds

≤ |uε(0)|2Vε
+ |fε|2L2(0,T ;Hε)

− 2
∫ t

0

(gεdW,Aεuε)Hεds +
∫ t

0

|∇Aεgε|2LQ
2
ds,

Then taking the expectation, we derive (3.8). By (3.3) and the property of the
stochastic integral we easily have (3.6).

Thus, by the above estimates, the solution can be extended to [0,∞) if (3.9) hold.
The proof is complete.

We recall a probability concept. Let z be a random variable taking values in a
Banach space S, namely, z : Ω → z. Denote by L(z) the distribution (or law) of z.
In fact, L(z) is a Borel probability measure on S defined as [12]

L(z)(A) = P{ω : z(ω) ∈ A},
for every event (i.e., a Borel set) A in the Borel σ−algebra B(S), which is the smallest
σ−algebra containing all open balls in S.

As stated in §1, for the SPDE (2.1) we aim at deriving an effective equation in
the sense of probability. A solution uε may be regarded as a random variable taking
values in L2(0, T ; Hε). So for a solution uε of (2.1)-(2.4) defined on [0, T ], we focus
on the behavior of distribution of uε in L2(0, T ; Hε) as ε → 0. For this purpose, the
tightness [14] of distributions is needed. Note that the function space changes with
ε, which is a difficulty for obtaining the tightness of distributions. Thus we will treat
{L(uε)}ε>0 as a family of distributions on L2(0, T ;H) by extending uε to the whole
domain D. Recall that the distribution (or law ) of uε is defined as:

L(uε)(A) = P{ω : uε(·, ·, ω) ∈ A}
for Borel set A in L2(0, T ;Hε). First we define an extension operator Pε in the
following lemmas.

In the following we denote by L
(X ,Y) the space of bounded linear operator from

Banach space X to Banach space Y.
Lemma 3.2. There exists a bounded linear operator

Q̂ ∈ L(Hk(Y ∗),Hk(Y )), k = 0, 1

such that

|∇Q̂v|⊕nL2(Y ) ≤ C|∇v|⊕nL2(Y ∗), v ∈ H1(Y ∗)

for some constant C > 0.
For the proof of Lemma 3.2 see [8].
We define an extension operator Pε in terms of the above bounded linear operator

Q̂ in the following lemma.
Lemma 3.3. There exists an extension operator

Pε ∈ L
(
L2(0, T ; Hk(Dε)), L2(0, T ; Hk(D))

)
, k = 0, 1,

such that for any v ∈ Hk(Dε)
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1. Pεv = v on Dε × (0, T )
2. |Pεv|L2(0,T ;H) ≤ CT |v|L2(0,T ;Hε)

3. |∇Aε(Pεv)|L2(0,T ;⊕nL2(D)) ≤ CT |∇Aεv|L2(0,T ;⊕nL2(Dε))

where CT is a constant independent of ε.
Proof. For ϕ ∈ Hk(Dε), then

ϕε(y) =
1
ε
ϕ(ε y)

belongs to Hk(Y ∗
l ) with Y ∗

l the translation of Y ∗ for some l ∈ Rn. Define

Q̂εϕ(x) = ε(Q̂ϕε)
(x

ε

)
.(3.12)

Now for ϕ ∈ L2(0, T ; Hk(Dε)),we define

(Pεϕ)(x, t) = [Q̂εϕ(t, ·)]
(x

ε

)
= ε[Q̂ϕε(t, ·)]

(x

ε

)
.

It is known [8] that the operator Pε ∈ L
(
L2(0, T ; Hk(Dε)), L2(0, T ;Hk(D))

)
, k = 0, 1

and satisfies the conditions (1)-(3) listed in the lemma. This completes the proof.
Remark 3.4. In Lemma 2.1 of [8], the operator Pε defined in L

(
L∞(0, T ; Hk(Dε)),

L∞(0, T ; Hk(D))
)
, k = 0, 1, coincides with the operator defined in Lemma 3.3 above.

Remark 3.5. The estimates in Theorem 3.1 for uε also hold for Pεuε. In fact
estimates (3.5) and (3.8) are easily derived due to the property of the operator of Pε.
Since the operator Pε is defined on L2(0, T ; Hk(Dε), k = 0, 1, we define

Pεu̇ε ≡ AεPεuε + f̃ε + g̃εẆ , on D × (0, T ).

By the property of Pε and the estimates of uε, it is easy to see that

Pεu̇ε = ˙(Pεuε), in Dε × (0, T )

and

E|Pεu̇ε|L2(0,T ;H−1) ≤ E|u̇ε|L2(0,T ;H−1
ε ).

4. Effective macroscopic model. We now derive the effective macroscopic
model for the original model (2.1). Let uε ∈ L2(0, T ; Hε) be the solution of system
(2.1)-(2.4). Then by the estimates in Theorem 3.1, Remark 3.5 and the Chebyshev
inequality [12, 14], it is clear that for any δ > 0 there is a bounded set Kδ ⊂ G with
spaces X , Y and Z in Lemma 2.1 (and in the paragraph immediately before it) are
replaced by H1

0 (D), H and H−1(D) respectively, such that

P{Pεuε ∈ Kδ} > 1− δ.

Thus Kδ is compact in L2(0, T ; H) by Lemma 2.1. Then {L(Pεuε)}ε is tight in
L2(0, T ; H). The Prokhorov Theorem and the Skorohod embedding theorem ([12])
assure that for any sequence {εj} with εj → 0 as j → ∞, there exists a subsequence
{εj(k)}, random variables {ûεj(k)} ⊂ L2(0, T ; Hεj(k)) and u ∈ L2(0, T ; H) defined on a
new probability space (Ω̂, F̂ , P̂), such that

L(Pεj(k) ûεj(k)) = L(Pεj(k)uεj(k))
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and

Pεj(k) ûεj(k) → u in L2(0, T ; H) as k →∞,

for almost all ω ∈ Ω̂. Moreover Pεj(k) ûεj(k) solves system (2.1)-(2.4) with W replaced
by Wiener process Ŵk defined on probability space (Ω̂, F̂ , P̂) with same distribution
as W . The limit u is unique; see [4], p.333. In the following, we will determine the
limiting equation (homogenized effective equation) that u satisfies and the limiting
equation is independent of ε. After this is done we see that L(uε) weakly converges
to L(u) as ε ↓ 0.

We always assume the following conditions

f̃ε ⇀ f, weakly in L2(0, T ; H), as ε → 0,(4.1)

and

g̃i
ε ⇀ gi, weakly in L2(0, T ;H), as ε → 0.(4.2)

Define a new probability space (Ωδ,Fδ,Pδ) as

Ωδ = {ω ∈ Ω : uε(ω) ∈ Kδ},

Fδ = {F ∩ Ωδ : F ∈ F},
and

Pδ(F ) =
P(F ∩ Ωδ)

P(Ωδ)
, for F ∈ Fδ.

Denote by Eδ the expectation operator with respect to Pδ.
Now we restrict the system on the probability space (Ωδ,Fδ,Pδ). In the following

discussion we aim at obtaining L2(Ωδ) convergence for any δ > 0 which means the
convergence in probability [3, 14].

From the estimates (3.5), (3.6), Remark 3.5 and the compact embedding of G ↪→
L2(0, T ; H), there exists a subsequence of uε in Kδ, still denoted by uε, such that for
a fixed ω ∈ Ωδ

Pεuε ⇀ u weakly∗ in L∞(0, T ;H)(4.3)
Pεuε ⇀ u weakly in L2(0, T ;H1)(4.4)
Pεuε → u strongly in L2(0, T ;H)(4.5)
Pεu̇ε ⇀ u̇ weakly in L2(0, T ;H−1).(4.6)

Define

ξε =
( n∑

j=1

aij

(x

ε

)∂uε

∂xj

)
= Aε∇uε

which satisfies

−div ξε = fε + gε Ẇ − u̇ε in Dε × (0, T ),(4.7)
ξε · n = 0 on ∂Sε × (0, T ).(4.8)
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By the hypothesis of aij and the fact that (ũε)ε being bounded in L2(0, T ;H1
0 ), we

have

ξ̃ε ⇀ ξ weakly in L2(0, T ;⊕nH).(4.9)

We make use of Tartar’s method of oscillating test functions to determine the limiting
equation [9].

Note that
∫ T

0

∫

D

ξ̃ε · ∇vϕdxdt =
∫ T

0

∫

D

f̃εvϕdxdt +
∞∑

i=1

∫ T

0

∫

D

g̃i
εvdxϕdWi(t) +

∫ T

0

∫

D

PεuεχDεϕ̇vdxdt(4.10)

for all v ∈ H1
0 (D) and ϕ ∈ D(0, T ). We pass to the limit in (4.10) as ε → 0. Due to

the facts

Pεuε → u strongly in L2(0, T ; H),(4.11)

χDε
⇀ ϑ weakly∗ in L∞(D),(4.12)

and the estimate

E
∣∣∣
∞∑

i=1

∫ T

0

∫

D

g̃i
εvdxϕdWi(t)

∣∣∣
2

≤
∞∑

i=1

|g̃i
ε|2L2(0,T ;H)|vϕ|2L2(0,T ;H),

by the assumption (4.2), we see that
∞∑

i=1

∫ T

0

∫

D

g̃i
εvdxϕdWi(t) →

∞∑

i=1

∫ T

0

∫

D

givdxϕdWi(t), in L2(Ω).

Thus letting ε → 0 in (4.10) and since L2(Ωδ) is a subspace of L2(Ω) one finds
that in L2(Ωδ)

∫ T

0

∫

D

ξ · ∇vϕdxdt =
∫ T

0

∫

D

fvϕdxdt +
∞∑

i=1

∫ T

0

∫

D

givdxϕdWi(t)

+
∫ T

0

∫

D

ϑuϕ̇vdxdt.(4.13)

Hence

−div ξ(x, t) = f(x, t) + g(x, t)Ẇ − ϑu̇ in D × (0, T ).(4.14)

In the following we identify the limit ξ. We follow the approach of deterministic
case for the elliptic problem with homogeneous Neumann boundary condition [9].

For any λ ∈ Rn, let wλ be the solution of

−
n∑

j=1

∂

∂yj

( n∑

i=1

aij(y)
∂wλ

∂yi

)
= 0 in Y ∗(4.15)

wλ − λ · y is Y − periodic(4.16)
∂wλ

∂νA
= 0 on ∂S(4.17)
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and define

wε
λ = ε(Q̂wλ)

(x

ε

)
,

where Q̂ is in Lemma 3.2. Then we have [9],

wε
λ ⇀ λ · x weakly in H1(D),(4.18)

∇wε
λ ⇀ λ weakly in ⊕n L2(D).(4.19)

Now we define

(ηλ
j (y))j =

( n∑

i=1

aji(y)
∂wλ(y)

∂yi

)
j
, y ∈ Y ∗

and (ηλ
ε )(x) = (ηλ

j (x/ε))j = At
ε∇wε

λ. Then

−div η̃λ
ε = 0 in D(4.20)

and due to (4.18) and (4.19)

η̃λ
ε ⇀ MY (ηλ) weakly in L2(D).(4.21)

It is easy to see that MY (ηλ) = Btλ with Bt = (βji) a constant matrix which is
determined in the appendix.

Using test function ϕvwε
λ with ϕ ∈ D(0, T ), v ∈ D(D) in (4.10) and multiplying

both sides of (4.20) with ϕvPεuε, we thus obtain

∫ T

0

∫

D

ξ̃ε · ∇vϕwε
λdxdt +

∫ T

0

∫

Dε

ξε · ∇wε
λvϕdxdt

−
∫ T

0

∫

D

η̃λ
ε · ∇vϕPεuεdxdt−

∫ T

0

∫

D

η̃λ
ε · ∇(Pεuε)vϕdxdt

=
∫ T

0

∫

D

f̃εϕvwε
λdxdt +

∞∑

i=1

∫ T

0

∫

D

g̃i
εvwε

λdxϕdWi(t) +
∫ T

0

∫

D

PεuεχDε ϕ̇vwε
λdxdt.

Then by the definition of ξε, ηλ
ε and the assumptions (4.1), (4.2), using the convergence

(4.9), (4.11), (4.12), (4.18), (4.19) and (4.21), we have in L2(Ωδ)

∫ T

0

∫

D

ξ · ∇vϕλ · xdxdt−
∫ T

0

∫

D

Btλ · ∇vϕudxdt

=
∫ T

0

∫

D

fϕvλ · xdxdt +
∞∑

i=1

∫ T

0

∫

D

givλ · xdxϕdWi(t) +
∫ T

0

∫

D

ϑuvϕ̇λ · xdxdt.

That is
∫ T

0

∫

D

ξ · ∇(vλ · x)ϕdxdt−
∫ T

0

∫

D

ξ · λvϕdxdt−
∫ T

0

∫

D

Btλ · ∇vϕudxdt

=
∫ T

0

∫

D

fϕvλ · xdxdt +
∞∑

i=1

∫ T

0

∫

D

givλ · xdxϕdWi(t) +
∫ T

0

∫

D

ϑuvϕ̇λ · xdxdt.
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Then by using (4.13) with the test function replaced by vλ · xϕ one has

∫ T

0

∫

D

ξ · λvϕdxdt =
∫ T

0

∫

D

Btλ · ∇uϕvdxdt

which yields

ξ · λ = Btλ · ∇u = B∇u · λ.

Then

ξ = B∇u

since λ is arbitrary. Then u satisfies the following equation

ϑdu =
(
div(B∇u) + f

)
dt + gdW (t).(4.22)

Assume that

ũ0
ε ⇀ u0, weakly in H, as ε → 0.(4.23)

We now determine the initial value by suitable test-functions. In fact, taking v ∈ D(D)
and ϕ ∈ D([0, T ]) with ϕ(T ) = 0, we have

∫ T

0

∫

D

ξ̃ε · ∇vϕdxdt =
∫ T

0

∫

D

f̃εvϕdxdt +
∞∑

i=0

∫ T

0

∫

D

g̃εivdxϕdWi(t)

−
∫ T

0

∫

D

ũεvϕ̇dxdt +
∫

D

ũ0
εϕ(0)vdx.

Now let ε → 0, noticing that

∫ T

0

∫

D

ũεvϕ̇dxdt =
∫ T

0

∫

D

χDεPεũεvϕ̇dxdt →
∫ T

0

∫

D

ϑuvϕ̇dxdt =

−
∫ T

0

∫

D

ϑu̇vϕdxdt +
∫

D

ϑu(0)ϕ(0)vdx

by (4.14), we have

u(0) =
u0

ϑ
.

Here one should notice that the above result is in the sense of L2(Ωδ). Then the
above analysis yields the following results

lim
ε→0

Eδ|Pεuε − u|2L2(0,T ;H) = 0,(4.24)

and

lim
ε→0

Eδ

∫ T

0

∫

D

(AεPεuε −B∇u)vϕdxdt = 0,(4.25)
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for any v ∈ D(D) and ϕ ∈ D([0, T ]).

Now we are in the position to present the homogenized effective equation in the
following theorem.

Theorem 4.1. (Effective macroscopic model) For any T > 0, assume that
(4.1), (4.2) and (4.23) hold. Let uε be the solution of (2.1)-(2.4). Then the distribu-
tion L(Pεuε) converges weakly to µ in the space of probability measures on L2(0, T ; H)
as ε ↓ 0, with µ being the distribution of u, which is the solution of the following ho-
mogenized effective stochastic partial differential equation

ϑdu =
(
div(B∇u) + f

)
dt + gdW (t) in D × (0, T ),(4.26)

u = 0 on ∂D × (0, T ),(4.27)

u(x, 0) =
u0

ϑ
in D,(4.28)

where the constant coefficient ϑ = |Y ∗|
|Y | is defined in the beginning of §2, and the

effective matrix B = (βij) is determined by (7.4) in Appendix at the end of this paper.
Moreover, the coefficients f, g and initial datum u0 are defined in (4.1), (4.2) and
(4.23), respectively.

Remark 4.2. This theorem implies that the macroscopic model (4.26) is an
effective approximation for the microscopic model (2.1), on any finite time interval
0 < t < T , in the sense of probability distribution. In other words, if we intend
to numerically simulate the microscopic model up to finite time, we could use the
macroscopic model as an approximation when ε is sufficiently small.

Remark 4.3. Due to the appearance of the stochastic integral term (see (4.10)),
this theorem on weak convergence of probability measures does not follow from the
deterministic homogenization results and the mild formulation (3.2).

Remark 4.4. The stochastic PDE (4.26) is defined on the homogenized domain
D. By the analysis in [12], for any fixed T > 0, the macroscopic system (4.26)-(4.28)
is well-posed, as long as f ∈ L2(0, T ; H) and g ∈ L2(0, T ;LQ

2 ).

Proof. Noticing the arbitrariness of δ, this is a direct result of the analysis of the
first part in this section by the Skorohod theorem and the L2(Ωδ) convergence of Pεuε

on (Ωδ,Fδ,Pδ).

We finish this section by the following remark.
Remark 4.5. Note that there are several papers on effective dynamics for partial

differential equations with random coefficients (so called random PDEs; not stochastic
PDEs); see [19, 26, 32] and reference therein. In [19, 26], a random partial differen-
tial equation is obtained as the homogenized effective equation for a random system
with fast or small scales on time or spatial variable. And the distribution of solution
of heterogeneous system converges weakly to that of homogenized equation. However
in [32], the effective equation is obtained as an averaged deterministic equation for
a random system with fast scales in time. And the fluctuation of the solution of the
random equation around the solution of the averaged equation converges to a gener-
alized Ornstein-Uhlenbeck process in distribution. In the present paper, the original
microscopic model is a stochastic PDE (i.e., PDE with white noise) and the effective
macroscopic equation is still a stochastic partial differential equation.
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5. Long time effectivity of the macroscopic model. In this section we
consider the long time effectivity of the homogenized system (4.26) in the autonomous
case, i.e., when fε and gε (and thus f and g) are independent of time t. It is proved
in section 4 that for fixed T > 0 the macroscopic behavior of the microscopic system
(2.1)-(2.4) can be approximated by the macroscopic model (4.26) in the sense of
probability distribution. In fact we can show the long time approximation. More
specifically, we now prove that in the sense of distribution, all solutions of (2.1)-(2.4)
converge to the unique stationary solution of (4.26) as T →∞ and ε → 0, under the
assumption that fε ∈ Hε and gi

ε ∈ Vε are independent of time t and

∞∑

i=1

|∇Aε
gi

ε(x)|2⊕nHε
< C∗.(5.1)

Here C∗ is a positive constant independent of ε.
By the above assumptions, as well as the properties of aij and βij , a standard

argument (see [13], Section 6) yields that the system (3.1) and (4.26) have unique
stationary solutions u∗ε (x, t) and u∗(x, t), defined for t > 0. We denote by µ∗ε and µ∗

the distributions of Pεu
∗
ε and u∗ in the space H, respectively. Then if E|u0

ε |2 < ∞
and E|u0|2 < ∞,

∣∣∣
∫

H

hdµε(t)−
∫

H

hdµ∗ε
∣∣∣ ≤ C(u0

ε)e
−γt, t > 0,(5.2)

∣∣∣
∫

H

hdµ(t)−
∫

H

hdµ∗
∣∣∣ ≤ C(u0)e−γt, t > 0,(5.3)

for some constant γ > 0 and any h : H → R1 with sup |h| ≤ 1 and Lip(h) ≤ 1. Here
µε(t) = L(Pεuε(t, u0

ε)), µ(t) = L(u(t, u0

ϑ )), and C(u0
ε) and C(u0) are positive constants

depending only on the initial value u0
ε and u0 respectively. The above convergence

also yields that µε(t) and µ(t) weakly converges to µ∗ε and µ∗ respectively, as t →∞.
We will give some additional a priori estimates which is uniform with respect to

ε to ensure the tightness of the stationary distributions. For Banach space U and
p > 1, we define W 1,p(0, T ;U) as the space of functions h ∈ Lp(0, T ;U) such that

|h|pW 1,p(0,T ;U) = |h|pLp(0,T ;U) +
∣∣∣dh

dt

∣∣∣
p

Lp(0,T ;U)
< ∞.

And for any α ∈ (0, 1), define Wα,p(0, T ;U) as the space of function h ∈ Lp(0, T ; U)
such that

|h|pW α,p(0,T ;U) = |h|pLp(0,T ;U) +
∫ T

0

∫ T

0

|h(t)− h(s)|pU
|t− s|1+αp

dsdt < ∞.

For ρ ∈ (0, 1), we denote by Cρ(0, T ; U) the space of functions h : [0, T ] → X that are
Hölder continuous with exponent ρ.

In the remaining part of this section, we always assume that fε and gi
ε are in-

dependent of time t with (5.1) hold. And for T > 0 denote by u∗ε,T (respectively,
u∗T ) the distribution of stationary process Pεu

∗
ε (·) (respectively, u∗(·)) in the space

L2(0, T ; H1). Then we have the following result.
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Lemma 5.1. For any T > 0 the family u∗ε,T is tight in the space L2(0, T ; H2−ι)
with ι > 0.

Proof. Since u∗ε is stationary, by (3.8), we see that

E|u∗ε |2L2(0,T ;H2
ε ) < CT .(5.4)

Now represent u∗ε in the form

u∗ε (t) = u∗ε (0) +
∫ t

0

Aεu
∗
ε (s)ds +

∫ t

0

fε(x)ds +
∫ t

0

gε(x)dW (s).

Also by the stationarity of u∗ε and (3.8) we obtain

E
∣∣∣
∫ t

0

AεPεu
∗
ε (s)ds +

∫ t

0

f̃ε(x)ds
∣∣∣
2

W 1,2(0,T ;H)
≤ CT .(5.5)

Let Mε(s, t) =
∫ t

s
g̃ε(x)dW (s). By Lemma 7.2 of [12] and Hölder inequality, we derive

that

E|Mε(s, t)|4Vε
≤ c

( ∫ t

s

|∇Aε
g̃ε(x)|2LQ

2
dτ

)2

≤ K(t− s)
∫ t

s

|∇Aε
g̃ε(x)|4LQ

2
dτ

≤ KC∗2|t− s|2

for t ∈ [s, T ], where K is a positive constant independent of ε, s and t. Then

E
∫ T

0

|Mε(0, t)|4Vε
dt ≤ CT(5.6)

and

E
∫ T

0

∫ T

0

|Mε(0, t)−Mε(0, s)|4Vε

|t− s|1+4α
dsdt ≤ CT .(5.7)

Combining (5.4)-(5.7), and the compact embedding of

L2(0, T ; H2) ∩W 1,2(0, T ; H) ⊂ L2(0, T ;H2−ι)

and

L2(0, T ; H2) ∩Wα,4(0, T ; H1) ⊂ L2(0, T ;H2−ι)

we obtain the tightness of u∗ε,T . This completes the proof.
The above lemma directly yields the following result

Corollary 5.2. The family {µ∗ε} is tight in the space H1.

By Lemma 5.1, for any fixed T > 0, the Skorohod embedding theorem asserts
that for any sequence {εn}n with εn → 0 as n → ∞, there is subsequence {εn(k)}k,
a new probability space (Ω,F ,P) and random variables u∗εn(k)

∈ L2(0, T ; Vε), u∗ ∈
L2(0, T ; H1) such that

L(Pεu
∗
εn(k)

) = u∗εn(k),T
, L(u∗) = u∗T
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and

u∗εn(k)
→ u∗, in L2(0, T ; H1) as k →∞.

Moreover u∗εn(k)
(respectively, u∗) is the unique stationary solution of equation (3.1)

(respectively, (4.26)) with W replaced by W k (respectively, W ). W k and W are some
Wiener processes defined on (Ω,F ,P) with same distribution as W . Then by the
analysis of section 4 and the uniqueness of the invariant measure

u∗ε,T ⇀ u∗T , as ε → 0

for any T > 0.
To show the long time effectivity, let uε(t), t ≥ 0, be a weak solution of system

(2.1)-(2.4) and define ut
ε(·) = uε(t + ·) which is in the space L2

loc(R+; Vε) by Theorem
3.1. Then by (5.2)

L(Pεu
t
ε(·)) ⇀ L(Pεu

∗
ε (·)), t →∞

in the space of probability measures on L2
loc(R+; H1). Having the above analysis we

draw the following result which implies the long time effectivity of the homogenized
effective equation (4.26).

Theorem 5.3. (Long time effectivity of macroscopic model) Assume that
fε ∈ Hε and gi

ε ∈ Vε are independent of time t with (5.1) being satisfied, and further
assume that (4.1) and (4.2) hold in H. Denote by uε(t), t ≥ 0, the solution of (2.1)-
(2.4) and u∗ the unique stationary solution of (4.26). Then

lim
ε↓0

lim
t→∞

L(Pεu
t
ε(·)) = L(u∗(·)),(5.8)

where the limits are understood in the sense of weak convergence of Borel probability
measures in the space L2

loc(R+;H1). That is, the solution of (2.1)-(2.4) converges to
the stationary solution of (4.26) in probability distribution as t →∞ and ε → 0.

Remark 5.4. This theorem implies that the macroscopic model (4.26) is an effec-
tive approximation for the microscopic model (2.1), on very long time scale. In other
words, if we intend to numerically simulate the long time behavior of the microscopic
model, we could just simulate the macroscopic model as an approximation when ε is
sufficiently small.

6. Effectivity in energy convergence . In the last two sections, we have
considered finite time and long time effectivity of the macroscopic model (4.26), in
the sense of convergence in probability distribution. In this section we focus on the
finite time effectivity of the macroscopic model (4.26), but in the sense of convergence
in energy. Namely, we show that the solution of the microscopic model (2.1) or (3.1),
converges to the solution of the macroscopic model (4.26), in an energy norm.

Let uε be a weak solution of (3.1) and u be a weak solution of (4.26). We introduce
the following energy functionals:

Eε(uε)(t) =
1
2
E|ũε|2H + E

∫ t

0

∫

D

χDεAε∇
(
Pεuε(x, τ)

)∇(
Pεuε(x, τ)

)
dxdτ(6.1)
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and

E0(u)(t) =
1
2
E|u|2H + E

∫ t

0

∫

D

B∇u(x, τ)∇u(x, τ)dxdτ.(6.2)

By the Itó formula, it is clear that

Eε(uε)(t) =
1
2
E|ũ0

ε |2H + E
∫ t

0

∫

D

f̃ε(x, τ)ũε(x, τ)dxdτ +
1
2
E

∫ t

0

|g̃ε(x, τ)|2LQ
2
dτ

and

E0(u)(t) =
1
2
E|u0|2H + E

∫ t

0

∫

D

f(x, τ)u(x, τ)dxdτ +
1
2
E

∫ t

0

|g(x, τ)|2LQ
2
dτ.

Then we have the following result on effectivity of the macroscopic model in the
sense of convergence in energy.

Theorem 6.1. (Effectivity in energy convergence) Assume that (4.1) and
(4.2) hold. If

ũ0
ε → u0, strongly in H, as ε → 0,

then

Eε(uε) → E0(u) in C([0, T ]), as ε → 0.

Proof. By the analysis of §4, for any δ > 0, uε → u strongly in L2(0, T ; H) on Ωδ,
then by the arbitrariness of δ, it is easy to see that

E
∫ t

0

∫

D

f̃ε(x, τ)ũε(x, τ)dxdτ → E
∫ t

0

∫

D

f(x, τ)u(x, τ)dxdτ, for t ∈ [0, T ].

Then by g̃ε ⇀ g weakly in L2(0, t;LQ
2 ), we have

Eε(uε)(t) → E0(u)(t) for any t ∈ [0, T ].(6.3)

We now only need to show that {Eε(uε)(t)}ε is equicontinuous, as then the Ascoli-
Arzela’s theorem [14] will imply the result in the theorem.

In fact, given any t ∈ [0, T ], and h > 0 small enough, we have

|Eε(uε)(t + h)− Eε(uε)(t)|

≤
∣∣∣E

∫ t+h

t

∫

D

f̃ε(x, τ)ũε(x, τ)dxdτ
∣∣∣ + E

∫ t+h

t

|g̃ε(x, τ)|2LQ
2
dτ

≤ E
{
|f̃ε|L2(0,T ;H)

∫ t+h

t

|ũε(x, τ)|2Hdxdτ
}

+ E
∫ t+h

t

|g̃ε(x, τ)|2LQ
2
dτ.

Noting that ũε ∈ L2(0, T ; H) a.s. and (2.7), we have

|Eε(uε)(t + h)− Eε(uε)(t)| → 0, as h → 0,

uniformly on ε, which means the equi-continuity of the family {Eε(uε)}ε. This com-
pletes the proof.
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7. Appendix: The homogenized matrix. In this Appendix, we give the
explicit expression of the homogenized matrix B; for more details see [9]. Let χi,
i = 1, · · · , n be the solutions of

−
n∑

l,k=1

∂

∂yl

(
akl

∂(χi − yi)
∂yk

)
= 0 in Y ∗(7.1)

n∑

l,k=1

akl
∂(χi − yi)

∂yk
nl = 0 on ∂S(7.2)

χi is Y − periodic.(7.3)

It is easy to calculate that χi = −wei + ei with {ei}n
i=1 the canonical basis of Rn.

Then

βij =
1
|Y |

∫

Y

n∑

k=1

akj
∂wei

∂yk
dy =

1
|Y |

∫

Y

aijdy − 1
|Y |

∫

Y

n∑

k=1

akj
∂χi

∂yk
dy.(7.4)

Moreover the operator B = (βij) satisfies the uniform ellipticity condition: there is a
constant b > 0 such that

n∑

i,j=1

βijξiξj ≥ b

n∑

i=1

ξ2
i , for ξ = (ξ1, · · · , ξn) ∈ Rn.
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