EFFECTIVE MACROSCOPIC DYNAMICS OF STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS IN PERFORATED
DOMAINS*
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Abstract. An effective macroscopic model for a stochastic microscopic system is derived. The
original microscopic system is modeled by a stochastic partial differential equation defined on a
domain perforated with small holes or heterogeneities. The homogenized effective model is still a
stochastic partial differential equation but defined on a unified domain without holes. The solutions
of the microscopic model are shown to converge to those of the effective macroscopic model in
probability distribution, as the size of holes diminishes to zero. Moreover, the long time effectivity
of the macroscopic system in the sense of convergence in probability distribution, and the effectivity
of the macroscopic system in the sense of convergence in energy are also proved.
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1. Introduction. In recent years there has been explosive growth of activities
in multiscale modeling of complex phenomena in many areas, including material sci-
ence, climate dynamics, chemistry and biology [15, 31]. Stochastic partial differential
equations (SPDEs or stochastic PDEs) — evolutionary equations containing noises —
arise naturally as mathematical models of multiscale systems under random influences.
In fact, the need to include stochastic effects in mathematical modelling of realistic
physical phenomena has become widely recognized in, for example, condensed matter
physics, climate and geophysical sciences, and materials sciences. But implementing
this idea poses some challenges both in theory and in computation [17, 33].

This paper is devoted to the effective macroscopic dynamics of microscopic sys-
tems modeled by parabolic SPDEs in perforated media which exhibit small-scale het-
erogeneities. One example of such microscopic systems of interest is composite materi-
als with microscopic heterogeneities under the impact of external random fluctuations.
The heterogeneity scale is taken to be much smaller than the macroscopic scale, which
is equivalent, here, to assuming that the heterogeneities are evenly distributed. From
a mathematical point of view, one can assume that microscopic heterogeneities (holes)
are periodically placed in the media. This periodicity can be represented by a small
positive parameter € (i.e., the period). In fact we work on the space-time cylinder
D, x (0,T), with T > 0, and D, being the spatial domain obtained by removing a
number N, of holes, of size €, periodically distributed, from a fixed domain D. When
taking € — 0, the holes inside D are smaller and smaller and their numbers goes to
oo. This signifies that the heterogeneities are finer and finer.
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There has been a lot of work on the homogenization problem for the deterministic
systems defined in such perforated domain or other heterogeneous media, see for
example [6, 24, 25, 28, 30] for heat transfer in a composite material, [6, 8, 11] for the
wave propagation in a composite material and [21, 23] for the fluid flow in a porous
media. For an introduction in homogenization, see [9, 18, 27].

Recently there are also works on homogenization of partial differential equations
(PDEs) in the random context; see [19, 22, 26] for PDEs with random coefficients,
and [5, 35, 36] for PDEs in randomly perforated domains. And also see a survey book
about the homogenization results in a random context [18]. A basic assumption in
these texts is the ergodic hypotheses on the coefficients for the passing of the limit
of ¢ — 0. Note that the microscopic models in these works are partial differential
equations with random coefficients, so-called random partial differential equations
(random PDEs), instead of stochastic PDEs.

In the present paper, the microscopic model is a SPDE defined in a perforated
domain. Homogenization techniques are employed to derive an effective, simplified,
macroscopic model. Homogenization is a formal mathematic procedure for deriving
macroscopic models from microscopic systems. It has been applied to a variety of
problems including composite materials modeling, porous media and climate model-
ing; see [9, 10, 18, 27]. Homogenization provides effective macroscopic behavior of the
systems with microscopical heterogeneities for which direct numerical simulations are
usually too expensive.

We consider a spatially extended system where stochastic effects are taken into
account in the model equation, defined on a deterministic domain but perforated
with small scale holes. Specifically, we study a class of stochastic partial differential
equations driven by white noise on a perforated domain in the following form

(1.1) due(t) = (Acue + Fe(z,t))dt + Ge(z,t)dW(t), 0 <t <T,e>0,

which will be described in detail in the next section. For the general theory of SPDEs
we refer to [12]. The goal here is to derive the homogenized equation (effective equa-
tion), which is still a stochastic partial differential equation, for (1.1) by the homog-
enization techniques in the sense of probability.

Homogenization theory has been developed for deterministic systems, and com-
pactness discussion for the solutions {u.}. in some function space is a key step in vari-
ous homogenization approaches [9]. However, due to the appearance of the stochastic
term in the above microscopic system considered in this paper, such compactness
result does not hold for this stochastic system. Fortunately the compactness in the
sense of probability, that is, the tightness of the distributions for {u.}, still holds. So
one appropriate way is to homogenize the stochastic system in the sense of probability.
The goal in this paper is to derive an effective macroscopic equation for the above
microscopic system, by homogenization in the sense of probability. It is shown that
the solution u. of the microscopic or heterogeneous system converges to that of the
macroscopic or homogenized system as € | 0 in probability distribution. This means
that the distribution of {u.}. weakly converges, in some appropriate space, to the
distribution of a stochastic process which solves the macroscopic effective equation.
Moreover, the long time effectivity of the homogenized macroscopic system is demon-
strated, that is, the solution w.(t) is shown to converge to the stationary solution of
the homogenized equation as t — oo and € | 0 in the sense of probability distribution.
Furthermore, the effectivity of the macroscopic system in the sense of convergence in
energy is also shown.
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In our approach, one difficulty is that the spatial domain is changing as € — 0.
To overcome this we use the extension operator introduced in [8] and introduce a
new probability space depending on a parameter in which the solution is uniformly
bounded. One novelty here is that the original microscopic model is a stochastic PDE,
instead of a random PDE as studied by others, e.g., [19, 26, 7].

This paper is organized as follows. The problem formulation is stated in §2.
Section 3 is devoted to basic properties of the microscopic system. The effective
macroscopic equation is derived in §4. The long time effectivity of the homogenized
macroscopic system is considered in §6. Finally, the effectivity of the macroscopic sys-
tem in the sense of convergence in energy is shown in §5. Moreover, in the Appendix
we present the explicit expression of the homogenization matrix.

2. Problem formulation. Let D be an open bounded set in R, n > 2, with
smooth boundary 9D and € > 0 is a small parameter. Let Y = [0,11) x [0,13) X - -+ X
[0,1,) be a representative (cubic) cell in R™ and S an open subset of Y with smooth
boundary 99, such that S C Y. Write [ = (I1,l2,---,1,). Define €S = {ey : y € S}.
Denote by S. . the translated image of €S by ki, k € Z™, kl = (k1ly, kaola, -+ -, knly).
And let S. be the set of all the holes contained in D and D, = D\S.. Then D, is a
periodically perforated domain with holes of the same size as period e. We assume that
the holes do not intersect with the boundary 0D, which implies that 0D, = 0DUJS..
See Fig. 1 for the case n = 2. This assumption is for avoiding technicalities and the
results of our paper will remain valid without this assumption; see [1].

In the sequel we use the notations

Y-

Y*=Y\S, 0=
\ V]

with |Y| and |Y*| the Lebesgue measure of Y and Y* respectively. And denote by @
the zero extension to the whole D for any function defined on D.:

5l v oon D,
“ 10 oné..

D, = D\S.

Y =[0,11) x [0,13)
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Fig. 1: Geometric setup in R?
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Now for T' > 0 fixed final time, we consider the following It6 type nonautonomous
stochastic partial differential equation defined on the perforated domain D, in R™.

(2.1) due(a,t) = (div(AE(x)Vue(:v,t)) + fe(:r,t)>dt + g (t)dW (t)
in D.x (0,T),
(2.2) ue=0 on 0D x (0,T),
(2.3) Qe _ 0 on 88, x (0,T),
vy,
(2.4) uc(0) = u? in D,

where the matrix A, is

and

=Sl

with n the exterior unit normal vector on the boundary 0D..
We make the following assumptions on the coefficients:
1. a;; € L*®(R"), i,j=1,---,m;
2. 3o iy > ad i &2 for £ € R™ and « a positive constant;
3. a;; are Y-periodic.
Furthermore we assume that

(2.5) fe € L*(Dce x [0,T))

and for 0 <t < T, g.(t) is a linear operator from ¢2 to L?(D,) defined as

9k = gi(x, ki, k= (k1 ky,---) € £°

i=1
where g¢(x,t) € L?(D. x [0,T]), i = 1,2, -+, are measurable functions with
(2'6) Z |gi(x7t)|%2(De) <Cr, te [07T]

i=1

for some positive constant Cr independent of €. In (2.1), W(t) = (W1 (t), Wa(¢),- )
is a Wiener process in ¢? with covariance operator Q = Idy2 and {W;(t) :i=1,2,---}
are mutually independent real valued standard Wiener processes on a complete prob-
ability space (2, F,P) with a canonical filtration (F%);>0. Then

[e.¢]
(2.7) 9e(t)l70 =D _ l9c(@. DIz (p,) < Cr, tE[O,T).
i=1

Here £2Q is the space of Hilbert-Schmit operators [12, 16]. Denote by E the expectation
operator with respect to P.
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The following compactness result [20] will be used in our approach. Let X C Y C
Z be three reflective Banach spaces and X C )Y with compact and dense embedding.
Define Banach space

dv

G={v:veL*0,T; %), 7

€ L?(0,T; 2)}

with norm

|v|g=/T |v(s)|%(ds+/T di’(s)fds vedG.
0 0 dS Z ’

LEMMA 2.1. If B is bounded in G, then it is precompact in L*(0,T;)).

Let S be a Banach space and &’ be the strong dual space of S. We recall the
definitions and some properties of weak convergence and weak”™ convergence [34].

DEFINITION 2.2. A sequence {sp} in S is said to converge weakly to s € S if
Vs’ e S,

lim (s',sn)s .5 = (8, 8)s'.s

n—00
which is written as s, — s weakly in S. Note that (s',s) denotes the value of the
continuous linear functional s’ at the point s.

LEMMA 2.3. (Eberlein-Shmulyan) Assume that S is reflexive and let {s,} be
a bounded sequence in S. Then there exists a subsequence {Snr} and s € S such that
Spk — s weakly in S as k — oo. If all the weak convergent subsequence of has the
same limit s, then the whole sequence {s,} weakly converges to s.

DEFINITION 2.4. A sequence {s),} in S’ is said to converge weakly* to s’ € §" if
Vs €S,

lim (5;“3)8',5 = (8'75)5/,5

n—oo

which is written as s, = s" weakly* in §'.

LEMMA 2.5. Assume that the dual space S’ is reflexive and let {s],} be a bounded
sequence in S'. Then there ezists a subsequence {s,,} and s’ € S’ such that s, — s
weakly* in &' as k — oco. If all the weakly* convergent subsequence of {s),} has the
same limit s', then the whole sequence {s!,} waekly* converges to s'.

We also use the following definition of the weak convergence of the Borel proba-
bility measures on S, for more we refer to [14].

DEFINITION 2.6. Let {uc}e be a family of Borel probability measures on the
Banach space S. We say pe weakly converges to a Borel measure p on S if

/hduee/hdu, as €] 0,
s s

for any h € Cy(S), the space of bounded continuous functions on S.
In the following, for a fixed T > 0, we always denote by Cp a constant indepen-
dent of e.
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3. Basic properties of the microscopic model. In this section we will present
some estimates of the solutions of microscopic model (2.1), useful for the tightness
result of the distributions of solution processes in some appropriate space.

Let H = L?(D) and H. = L*(D,). Define the following space

V. ={u e HY(D,),ulop = 0}

provided with the norm

lvlv. =[Va.v

OnHe

GnH. = ‘(;aij (%) ngj)j—l

This norm is equivalent to the usual H!(D.)-norm, with an embedding constant
independent of €, due to the assumptions on a;; in the last section. Here ®,, denotes
the direct sum of the Hilbert spaces with usual direct sum norm. Let

“ ’Bse - 0}

81/,45
and define operator A.v = div(A.Vv) for v € D(A.). Then system (2.1)-(2.4) can be
written as the following abstract stochastic evolutionary equation

D(A,) = {v eV, : div(A.Vv) € H, and

(3.1) duc = (Acue + f)dt + gedW, uc(0) = u®.

By the assumptions on a;;, operator A, generates a strongly continuous semigroup
Se(t) on H. Solution of (3.1) can then be written in the mild sense

(3.2) uc(t) = Se(t)ul + /0 Sec(t —s)fe(s)ds + /0 Se(t — 5)ge(s)dW (s)

And the variational formulation is

(due(t)7v)H:1,Ve - (7/

. Ac(x)Vue(z, t)Vo(r)dx + /DE fe(m,t)v(z)dx> dt +

(3.3) / g (@) dW (1), in D/(0,T), veV,

€

with ue(0,2) = u?(x).

€

For the well-posedness of system (3.1) we have the following result.

THEOREM 3.1. (Global well-posedness of microscopic model) Assume that
(2.5) and (2.7) hold. Let u? be a (Fo, B(H.))-measurable random variable. Then
system (8.1) has a unique mild solution u € L? (Q, C(0,T;H,) N L*(0,T; VE)), which
is also a weak solution in the following sense

(ue(t), v)m.

t t t
(34) = (W 0)m, + / (Actie(s),v) . ds + / (fov)ids + / (ged W, v) 5,

fort €[0,T) and v € V.. Moreover if u? is independent of W (t) with Elu?[3; , < oo,
then

t
(35 Bl +E/ ue(),ds < Bl + Cr, for te[0,T],
0
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and
t

(3.6) E/ e (3)2, +ds < Cr(Blu®, +1), for te[0,T].
i é

If further assume that

oo

(3.7) ‘VAege(t)FLge = Z Va.gi)|G, m. < Cr, forte[0,T]
i=1

and u? € V. with E[ul[}, < oo, then

t
(3.8) Eluc(t)[}. +E/ |Acuc(s)|F,ds < Blul|}, + Cr, for t€[0,T].
0

Moreover, system (3.1) is well-posed on [0, 00) when

(3.9) fe € L*(0,00; H,), g. € L*(0,00; LS).

Proof. By the assumption (2.7), we have

o0

9020 = 3 lai(t. ), < .
=1

Then the classical result of [12] yields the local existence of u.. And applying the
stochastic Fubini theorem, it is easy to verify the local mild solution is also a weak
solution.

Now we give the following a priori estimates which yields the existence of weak
solution on [0, T provide (2.5) and (2.7) hold.

Applying Ité6 formula to |uc|?, we obtain

(3.10) d|u€(t)|%,€ - Q(Aeuevue)Hedt = Q(feaue)Hedt + 2(gedW, ue)He + |gel e dt.

|2
L
By the assumption on a;;, we see that
—(Acuc,ue)m, > )‘lueﬁlE

for some constant A > 0 independent of e. Then integrating (3.10) with respect to ¢
yields

t

uc®f, + [l ds
0

t t
< WP+ X ey + [ (GdWondds + [ g ods
0 0

Taking expectation on both sides of the above inequality, we derive (3.5).
In a similar way, application of It6 formula to |u€|%/ =1V Aeue%” g, results in the
relation
d|u€(t)‘%/€ + 2(“46”6? Aeue)Hedt
(3.11) = —2(fe, Acue) . dt — 2(gedW, Acue) g, + |VAEge|2£2th.
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Integrating both sides of (3.11) and by the Cauchy-Schwarz inequality, it is easily to
have

t
e (1), + / Acuel3, ds
0

t t
< a0, + Fibrorn =2 [ (oW A s+ [ [9aalgds

Then taking the expectation, we derive (3.8). By (3.3) and the property of the
stochastic integral we easily have (3.6).

Thus, by the above estimates, the solution can be extended to [0, c0) if (3.9) hold.
The proof is complete. O

We recall a probability concept. Let z be a random variable taking values in a
Banach space S, namely, z : Q — z. Denote by £(z) the distribution (or law) of z.
In fact, £(z) is a Borel probability measure on S defined as [12]

L(z)(A) =P{w: z(w) € A},

for every event (i.e., a Borel set) A in the Borel o—algebra B(S), which is the smallest
o—algebra containing all open balls in S.

As stated in §1, for the SPDE (2.1) we aim at deriving an effective equation in
the sense of probability. A solution u. may be regarded as a random variable taking
values in L?(0,T; H.). So for a solution u. of (2.1)-(2.4) defined on [0, 7], we focus
on the behavior of distribution of u. in L?(0,T; H.) as € — 0. For this purpose, the
tightness [14] of distributions is needed. Note that the function space changes with
€, which is a difficulty for obtaining the tightness of distributions. Thus we will treat
{L(ue)}eso as a family of distributions on L?(0,T; H) by extending u. to the whole
domain D. Recall that the distribution (or law ) of u. is defined as:

L(u)(A) =P{w : uc(-,-,w) € A}
for Borel set A in L%(0,T;H.). First we define an extension operator P. in the
following lemmas.

In the following we denote by L(X , V) the space of bounded linear operator from
Banach space X’ to Banach space ).

LEMMA 3.2. There exists a bounded linear operator
Q e L(H*(Y*), H*(Y)), k=0,1
such that
IVQuls,12(v) < C|Volg,12(v+), v € H (V™)

for some constant C > 0.
For the proof of Lemma 3.2 see [8].
We define an extension operator P, in terms of the above bounded linear operator

Q@ in the following lemma.

LEMMA 3.3. There exists an extension operator
P. € L(L*(0,T; H*(D.)), L*(0,T; H*(D))), k=0,1,
such that for any v € H*(D,)
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1. Pv=v on D, x (0,T)
2. |Pov|p20,m:m) < Crlv|r2(0,130.)
3. [Va (Pev)|r2 0,10, 12(D)) < Or|Vav
where Cr is a constant independent of €.
Proof. For p € H*(D,), then

L2(0,T5®n L?(De))

ve(y) = %sﬁ(e Y)

belongs to H*(Y;*) with Y;* the translation of Y* for some [ € R™. Define
A A x

(3'12) Qe@(x) = G(Q(Pe)(z)

Now for ¢ € L2(0,T; H*(D.)),we define

(Peg)(a.1) = [Qep(t.)](7) = el@eelt. ] ()-

€
It is known [8] that the operator P, € L(L?(0,T; H*(D.)),L*(0,T; H*(D))), k = 0,1
and satisfies the conditions (1)-(3) listed in the lemma. This completes the proof. O

REMARK 3.4. In Lemma 2.1 of [8], the operator P. defined in L(L>(0,T; H*(D.)),
L>(0,T; Hk(D))), k = 0,1, coincides with the operator defined in Lemma 3.3 above.

REMARK 3.5. The estimates in Theorem 3.1 for u. also hold for P.u.. In fact
estimates (3.5) and (3.8) are easily derived due to the property of the operator of P..
Since the operator P. is defined on L*(0,T; H*(D.), k = 0,1, we define

P, = A Pou, + f; + QEW, on D x (0,T).
By the property of P. and the estimates of ue, it is easy to see that
P.i. = (Paue), in De x (0,T)
and

E| Peite| 20 751-1) < Blite] g gor—1)-

4. Effective macroscopic model. We now derive the effective macroscopic
model for the original model (2.1). Let u. € L?(0,T; H.) be the solution of system
(2.1)-(2.4). Then by the estimates in Theorem 3.1, Remark 3.5 and the Chebyshev
inequality [12, 14], it is clear that for any ¢ > 0 there is a bounded set K5 C G with
spaces X, Y and Z in Lemma 2.1 (and in the paragraph immediately before it) are
replaced by H (D), H and H~!(D) respectively, such that

P{Pu. € K5} >1—0.

Thus K, is compact in L?(0,7; H) by Lemma 2.1. Then {L(P.u.)}. is tight in
L?(0,T; H). The Prokhorov Theorem and the Skorohod embedding theorem ([12])
assure that for any sequence {¢;} with ¢; — 0 as j — oo, there exists a subsequence
{€j(x)}, random variables {dc,, } C L*(0,T; H. and u € L?(0,T; H) defined on a

new probability space (SA), F , 13)7 such that

.i(k))

L(Pe; 0 tie; 1)) = L(Pe i Ue 1)
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and

P, —u in L*(0,T;H) as k — oo,

300 Yejr)

for almost all w € €. Moreover P, Ui, solves system (2.1)-(2.4) with W replaced

by Wiener process /Wk defined on probability space (ﬁ,]? , f’) with same distribution
as W. The limit u is unique; see [4], p.333. In the following, we will determine the
limiting equation (homogenized effective equation) that u satisfies and the limiting
equation is independent of e. After this is done we see that L£(u.) weakly converges
to L({u) as € | 0.

We always assume the following conditions

(4.1) f. = f, weakly in L*(0,T;H), as € — 0,
and
(4.2) gl — g, weaklyin L*(0,T;H), ase — 0.

Define a new probability space (Qs, F5,Ps) as

Qs ={w € Q: u(w) € Ks},

FgZ{FmggiFEJ:},
and

P(F n Qg)
Pg(F) = P(Qg) R fO?” F e Fs.
Denote by E;s the expectation operator with respect to Ps.

Now we restrict the system on the probability space (Qs, Fs, Ps). In the following
discussion we aim at obtaining L?({5) convergence for any § > 0 which means the
convergence in probability [3, 14].

From the estimates (3.5), (3.6), Remark 3.5 and the compact embedding of G —
L?(0,T; H), there exists a subsequence of u, in Kj, still denoted by u,, such that for
a fixed w € Q5

Pouc — u weakly™ in L*(0,T; H)
P, — u weakly in L*(0,T;H')
P.uc — u strongly in L*(0,T; H)
P — 1 weakly in L*(0,T; H™ ).

o= (San(2) ) - e

= 8mj

n
1=

(4.7) —divE. = fo+g. W — it in D x (0,7),
(4.8) &-n=0 on IS, x (0,T).
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By the hypothesis of a;; and the fact that (i), being bounded in L?(0,T; H{), we
have

(4.9) £ — & weakly in L*(0,T;®,H).
We make use of Tartar’s method of oscillating test functions to determine the limiting

equation [9].
Note that

T T oo LT
/ / £ - Vopdrdt = / / fevpdadt + Z/ / GlodrpdWi(t) +
o Jp o Jp —Jo Jp

T
(4.10) / / P.uexDepudrdt
o Jp

for all v € HY(D) and ¢ € D(0,T). We pass to the limit in (4.10) as € — 0. Due to
the facts

(4.11) P.uc — u strongly in L*(0,T; H),

(4.12) xp, — ¥ weakly” in L*°(D),

and the estimate

Sl T ) 9 e} )
E’ Z/o /D szdxgodWi(t)’ < Z |§Q2L2(0,T;H)|U<P‘2L2(0,T;H)a
i=1 i=1
by the assumption (4.2), we see that
oo T ] 00 T ,
Z/ / JovdrpdW;(t) — Z/ / g vdxedW;(t), in LZ(Q).
i=1 70 D i=1 70 D

Thus letting ¢ — 0 in (4.10) and since L?(2s) is a subspace of L?(£2) one finds
that in L? (Qg)

T T 0o T
/ / & - Vopdxdt = / / fupdzdt + Z/ / g vdredW;(t)
o Jbp o JD —Jo Jp

T
(4.13) —|—/0 /D Yupvdrdt.
Hence
(4.14) —div £(x,t) = f(x,t) + gla, )W —0u in D x (0,T).

In the following we identify the limit £&. We follow the approach of deterministic
case for the elliptic problem with homogeneous Neumann boundary condition [9].
For any A € R™, let wy be the solution of

- 8 - GwA .
4.15 - —_— a;i(y)=—=) =0 in Y~
(4.15) ;%(; )5,
(4.16) wy—A-y is Y — periodic
(4.17) dur _ on 98

aVA



12 W. WANG, D. CAO & J. DUAN

and define

where Q is in Lemma 3.2. Then we have [9],

(4.18) w§ — -2 weakly in H'(D),
(4.19) Vw§ — \ weakly in @, L*(D).

Now we define

(1} (v)); = (Zaﬂ(y) af?yiy))j, yey”

=1

and (12)(z) = () (w/€)); = ALVwS. Then

(4.20) —div i) =0 in D

and due to (4.18) and (4.19)

(4.21) it — My (n) weakly in L*(D).

It is easy to see that My (n*) = B'A with B* = (8;;) a constant matrix which is
determined in the appendix.

Using test function povw§ with ¢ € D(0,T'), v € D(D) in (4.10) and multiplying
both sides of (4.20) with vP.u., we thus obtain

/ /56 vaow/\dxdtJr/ / & - VwSvpdzdt
/ /77E VvpPoucdrdt — / /77E (Poue)vpdzdt

/ / fégovw)\dxdt + Z/ / GlowSdrodWi(t) / / P.ucxp, pvwsdzdt.

Then by the definition of &, n? and the assumptions (4.1), (4.2), using the convergence
(4.9), (4.11), (4.12), (4.18), (4.19) and (4.21), we have in L2(Qs)

T T
/ / & - Vop - zdxdt — / / B\ - Vupudzdt
/ / fouX - xdxdt + Z/ / g\ - zdzpdW;(t) / / Juvp - xdadt.
That is
T T T
/ / & V(v z)pdxdt — / / & - wpdzdt — / / B\ - Vopudxdt
/ / fouX - zdzdt + Z / / g\ - zdzedWi(t / / Duvp) - xdzdt.
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Then by using (4.13) with the test function replaced by v\ - ¢ one has
T T
/ / & - dvpdrdt = / / B\ - Vupvdxdt
o Jp o Jp

€-A=DB'\-Vu=BVu-\

which yields

Then
& =BVu
since A is arbitrary. Then u satisfies the following equation

(4.22) Vdu = (div(BVu) + f)dt + gdW (t).

Assume that
(4.23) @2 — u®, weakly in H, as ¢ — 0.

We now determine the initial value by suitable test-functions. In fact, taking v € D(D)
and ¢ € D([0,T]) with ¢(T) = 0, we have

T T o T
/ / & - Vopdzdt = / / fevpdxdt + Z/ / Ge'vdzpdW(t)
o Jp o Jp —Jo Jp

T
—/ / Uevpdrdt +/ @0 (0)vdz.
0o JD D
Now let € — 0, noticing that

T T T
/ / Uevpdadt :/ / X De Peticvpdzdt —>/ / Yuvpdzrdt =
0o JD 0 JD o Jp

T
—/ /ﬂuvgod:rdt—i—/ Yu(0)p(0)vdx
o Jp D
by (4.14), we have

Here one should notice that the above result is in the sense of L?(2s). Then the
above analysis yields the following results

(4.24) lim Es| Pete — ul72 0 7.1y = 0,

and

e—0

T
(4.25) lim E§/ / (AcPoue — BVu)vpdzdt = 0,
o Jp
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for any v € D(D) and ¢ € D([0,T]).

Now we are in the position to present the homogenized effective equation in the
following theorem.

THEOREM 4.1. (Effective macroscopic model) For any T > 0, assume that
(4.1), (4.2) and (4.23) hold. Let u. be the solution of (2.1)-(2.4). Then the distribu-
tion L(P.uc) converges weakly to pu in the space of probability measures on L*(0,T; H)
as € | 0, with u being the distribution of w, which is the solution of the following ho-
mogenized effective stochastic partial differential equation

(4.26) Vdu = (div(BVu) + f)dt + gdW (t) in D x (0,T),
(4.27) u=0 on dD x (0,T),
0
(4.28) u(z,0) = % in D,
Y]

where the constant coefficient ¥ = T is defined in the beginning of §2, and the
effective matric B = (B;;) is determined by (7.4) in Appendiz at the end of this paper.
Moreover, the coefficients f,g and initial datum u® are defined in (4.1), (4.2) and
(4.23), respectively.

REMARK 4.2. This theorem implies that the macroscopic model (4.26) is an
effective approzimation for the microscopic model (2.1), on any finite time interval
0 <t < T, in the sense of probability distribution. In other words, if we intend
to numerically simulate the microscopic model up to finite time, we could use the
macroscopic model as an approximation when € is sufficiently small.

REMARK 4.3. Due to the appearance of the stochastic integral term (see (4.10)),
this theorem on weak convergence of probability measures does not follow from the
deterministic homogenization results and the mild formulation (3.2).

REMARK 4.4. The stochastic PDE (4.26) is defined on the homogenized domain
D. By the analysis in [12], for any fized T > 0, the macroscopic system (4.26)-(4.28)
is well-posed, as long as f € L?>(0,T; H) and g € L*(0,T; E?)

Proof. Noticing the arbitrariness of 4, this is a direct result of the analysis of the
first part in this section by the Skorohod theorem and the L?(€2s) convergence of P.u.
on (Qg,]:g,P(;). 0

We finish this section by the following remark.

REMARK 4.5. Note that there are several papers on effective dynamics for partial
differential equations with random coefficients (so called random PDEs; not stochastic
PDEs); see [19, 26, 32] and reference therein. In [19, 26], a random partial differen-
tial equation is obtained as the homogenized effective equation for a random system
with fast or small scales on time or spatial variable. And the distribution of solution
of heterogeneous system converges weakly to that of homogenized equation. However
in [32], the effective equation is obtained as an averaged deterministic equation for
a random system with fast scales in time. And the fluctuation of the solution of the
random equation around the solution of the averaged equation converges to a gener-
alized Ornstein-Uhlenbeck process in distribution. In the present paper, the original
microscopic model is a stochastic PDE (i.e., PDE with white noise) and the effective
macroscopic equation is still a stochastic partial differential equation.



EFFECTIVE MACROSCOPIC DYNAMICS OF SPDES 15

5. Long time effectivity of the macroscopic model. In this section we
consider the long time effectivity of the homogenized system (4.26) in the autonomous
case, i.e.,, when f. and g. (and thus f and g) are independent of time ¢. It is proved
in section 4 that for fixed T' > 0 the macroscopic behavior of the microscopic system
(2.1)-(2.4) can be approximated by the macroscopic model (4.26) in the sense of
probability distribution. In fact we can show the long time approximation. More
specifically, we now prove that in the sense of distribution, all solutions of (2.1)-(2.4)
converge to the unique stationary solution of (4.26) as T — oo and € — 0, under the
assumption that f. € H. and g¢ € V, are independent of time ¢ and

(5.1) ZWA 9e@)[%, m. < C™.

Here C* is a positive constant independent of e.

By the above assumptions, as well as the properties of a;; and 8;;, a standard
argument (see [13], Section 6) yields that the system (3.1) and (4.26) have unique
stationary solutions u*(z,t) and u*(x,t), defined for ¢t > 0. We denote by u* and p*
the distributions of P.u} and u* in the space H, respectively. Then if Elu?|? < oo
and E[u’|? < oo,

(5.2) ‘ /H hdpe () — /H
(5.3) | /H hdu(t) — /H

for some constant v > 0 and any h : H — R! with sup |h| < 1 and Lip(h) < 1. Here
pe(t) = L(Pouc(t,u?)), p(t) = L(ult, %)) and C(u?) and C(u®) are positive constants
depending only on the initial value u? and u" respectively. The above convergence
also yields that u(t) and p(t) weakly converges to u* and u* respectively, as t — oo.

We will give some additional a priori estimates which is uniform with respect to

€ to ensure the tightness of the stationary distributions. For Banach space U and
p > 1, we define WP (0, T;U) as the space of functions h € LP(0,T;U) such that

(u)e ", t >0,

(ue™ M, t >0,

< 00.
Lr(0,T;U)

Wy 0000 = oz + [ 55

And for any o € (0, 1), define W*P(0,T;U) as the space of function h € L?(0,T;U)
such that

U
|h|W° 2(0,T3U) |h|Lp(0TU / / |t—s|1+a1’ dsdt < 0o.

For p € (0,1), we denote by C*(0,T;U) the space of functions h : [0,7] — X that are
Holder continuous with exponent p.

In the remaining part of this section, we always assume that f. and g’ are in-
dependent of time ¢ with (5.1) hold. And for 7" > 0 denote by u;  (respectively,
u’) the distribution of stationary process P.u(-) (respectively, u*(-)) in the space
L?(0,T; H'). Then we have the following result.
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LEMMA 5.1. For any T > 0 the family u; 1 is tight in the space L2(0,T; H*™")
with ¢ > 0.

Proof. Since u} is stationary, by (3.8), we see that
(5.4) E|u:|%2(O,T;H€2) <Cr.

Now represent u} in the form

wi(t) =)+ [ Aui@ds+ [ s+ [ @),

Also by the stationarity of u* and (3.8) we obtain

(5.5) E’/ A P ds+/ filz < Cp.

W1 2(0,T;H)
Let M ( f ). By Lemma 7.2 of [12] and Hélder inequality, we derive
that

¢ 2 ¢
B Ol <o [ IVad@lgdr) < K(=3) [ 1Vag@)tgdr
< KC™|t — sf?

for ¢ € [s,T], where K is a positive constant independent of €, s and ¢. Then

T
(5.6) E/ |Mc(0,t)|3, dt < Cr
0
and
M,(0,1) 0,s)|4
(5.7) / / | |t—31+4(a W joat < 0.

Combining (5.4)-(5.7), and the compact embedding of
L2(0,T; H)nWh2(0,T; H) c L*(0,T; H*™*)
and
L0, T; H*) nW**0,T; H') C L*(0,T; H*™")

we obtain the tightness of uf ;.. This completes the proof. O

The above lemma directly yields the following result

COROLLARY 5.2. The family {u*} is tight in the space H'.

By Lemma 5.1, for any fixed T" > 0, the Skorohod embedding theorem asserts
that for any sequence {e,}, with €, — 0 as n — oo, there is subsequence {e, )},
a new probability space (©, F,P) and random variables @’ € L*0,T;V.), u* €

L?(0,T; H') such that

€n(k)

LR )=u’

€% (k) €n(k), 1

L(T@") =up
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and

ﬂ:n(m —@*, in L*(0,T;H') as k — oc.

Moreover g, (respectively, u”) is the unique stationary solution of equation (3.1)

(respectively, (4.26)) with W replaced by W, (respectively, W). Wy and W are some

Wiener processes defined on (2, F,P) with same distribution as W. Then by the
analysis of section 4 and the uniqueness of the invariant measure

* *
u;,p —up, as € —0

for any 7' > 0.

To show the long time effectivity, let uc(t), t > 0, be a weak solution of system
(2.1)-(2.4) and define u!(-) = uc(t + -) which is in the space L2 (Ry;V.) by Theorem
3.1. Then by (5.2)

L(Peug() = L(Peug (), t— 00

in the space of probability measures on L%OC(RJF; H?'). Having the above analysis we
draw the following result which implies the long time effectivity of the homogenized
effective equation (4.26).

THEOREM 5.3. (Long time effectivity of macroscopic model) Assume that
fe € He and g¢ € V. are independent of time t with (5.1) being satisfied, and further
assume that (4.1) and (4.2) hold in H. Denote by uc(t), t > 0, the solution of (2.1)-
(2.4) and u* the unique stationary solution of (4.26). Then

(5.8) lif{)ltlim L(Pul()) = L(u*(")),
where the limits are understood in the sense of weak convergence of Borel probability
measures in the space LE (Ry; H'). That is, the solution of (2.1)-(2.4) converges to

loc
the stationary solution of (4.26) in probability distribution ast — oo and € — 0.

REMARK 5.4. This theorem implies that the macroscopic model (4.26) is an effec-
tive approzimation for the microscopic model (2.1), on very long time scale. In other
words, if we intend to numerically simulate the long time behavior of the microscopic
model, we could just simulate the macroscopic model as an approximation when € is
sufficiently small.

6. Effectivity in energy convergence . In the last two sections, we have
considered finite time and long time effectivity of the macroscopic model (4.26), in
the sense of convergence in probability distribution. In this section we focus on the
finite time effectivity of the macroscopic model (4.26), but in the sense of convergence
in energy. Namely, we show that the solution of the microscopic model (2.1) or (3.1),
converges to the solution of the macroscopic model (4.26), in an energy norm.

Let u, be a weak solution of (3.1) and u be a weak solution of (4.26). We introduce
the following energy functionals:

(6.1) Se(ue)(t):%Ewe@I—i—E/o /DXDEAEV(PSUS(Q:,T))V(Pgue(x,T))da:dT
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and
(6.2) E%u)(t) = %E|u|%, —|—E/O /DBVU(I,T)VU(:E,T)dxdT.

By the Ité formula, it is clear that

1 Lo 1 [
£ (u)(0) = 5Bl +B [ [ f@ e r)dsdr + 5B [ it )gdr

and
1 2 ' 1 ' 2
E%u)(t) = 5E|uO|H + E/o /D flz, T u(z, 7)dxdr + §E ; |g(x,T)|E§d7'.

Then we have the following result on effectivity of the macroscopic model in the
sense of convergence in energy.

THEOREM 6.1. (Effectivity in energy convergence) Assume that (4.1) and
(4.2) hold. If

ﬂg —u’, strongly in H,ase — 0,

then

E(ue) — E%u) in C([0,T)),ase — 0.

Proof. By the analysis of §4, for any § > 0, u. — u strongly in L%(0,T; H) on Qs,
then by the arbitrariness of §, it is easy to see that

E/o /Dfs(xyT)as(va)dxdT_)E/o /Df(x,T)u(x,T)dxdT, forte[0,T].

Then by je — g weakly in L2(0,¢; £), we have
(6.3) E(ue)(t) — E%u)(t) for any t € [0,T).

We now only need to show that {€¢(u¢)(t)}¢ is equicontinuous, as then the Ascoli-
Arzela’s theorem [14] will imply the result in the theorem.
In fact, given any ¢ € [0,7], and h > 0 small enough, we have

|E(ue)(t + h) — E(ue)(?)]
t+h t+h
< ‘E/t /Dfe(l‘,T)ﬂe(l‘,T)da?dT‘ —l—E/t |§€(x,7')|2£§d7'

B t+h t+h
<E{|filvoram [ ladonfdudr} +E [ g n)gdr
t t

Noting that @, € L*(0,T; H) a.s. and (2.7), we have
|E(ue)(t + h) —E(ue)(t)| = 0, ash— 0,

uniformly on €, which means the equi-continuity of the family {€¢(u¢)}e. This com-
pletes the proof. O
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7. Appendix: The homogenized matrix. In this Appendix, we give the
explicit expression of the homogenized matrix B; for more details see [9]. Let x?,
i=1,---,n be the solutions of

R AR O ) WP
(7.1) lgz:l o (akl o ) =0in Y

(7.2) Z akl — Y ) =0 on0dS
Lk=1

(7.3) X' is Y — periodic.
It is easy to calculate that x* = —we, + e; with {e;}"_; the canonical basis of R".
Then

1 " 8we aXZ
7.4 Bij = —/ QL tdy = / aijdy — / Qkj
() B =7 [, 25, W = 157 [, 0%~ 7 y; '

Moreover the operator B = (§;;) satisfies the uniform ellipticity condition: there is a
constant b > 0 such that

Z ﬂzy&zgj > bzgza for§ (51,"',§n) € R".

i,j=1

Acknowledgments. The authors thank the referees for very helpful suggestions
and comments.

REFERENCES

[1] G. ALLAIRE, M. MURAT AND A. NANDAKUMAR, Appendiz of ”Homogenization of the Neumann
problem with nonisolated holes”, Asymptotic Anal. 7 (1993), pp. 81-95.
[2] A. BENsoussaN, J. L. LIoNs AND G. PAPANICOLAOU, Asymptotic Analysis for Periodic Struc-
ture, North-Holland, Amsterdam, New York, 1978.
[3] P. BILLINGSLEY, Weak Convergence of Probability Measures, John Wiley/Sons, New York,
1968.
, Probability and Measure, Third ed., John Wiley/Sons, New York, 1995.
[5] M. BRIANE AND L. MAZLIAK, Homogenization of two randomly weakly connected materials,
Portugaliae Mathematic, 55 (1998), pp. 187-207.
[6] S. BRAHIM-OTSMANE, G. A. FRANCFORT AND F. MURAT, Correctors for the homogenization
of the wave and heat equations, J. Math. Pures Appl., 71 (1998), pp. 197-231.
[7] L. A. CAFFARELLI, P. SOUGANIDIS AND L. WANG, Homogenization of fully nonlinear, uni-
formly elliptic and parabolic partial differential equations in stationary ergodic media,
Comm. Pure Appl. Math., LLVIII(2005), pp. 1-43.
[8] D. CIORANESCU AND P. DONATO, Ezact internal controllability in perforated domains, J.
Math. Pures Appl., 68 (1989), pp. 185-213.
, An Introduction to Homogenization, Oxford University Press, New York, 1999.
[10] A. CHERKAEV AND R. V. KOHN, Topics in the Mathematical Modelling of Composite Mate-
rials. Birkhaeuser, Boston, 1997.

[11] D. CioraNEscu, P. DoNaTO, F. MURAT AND E. ZUAZUA, Homogenization and correctors
results for the wave equation in domains with small holes, Ann. Scuola Norm. Sup. Pisa,
18 (1991), pp. 251-293.

[12] G. DA PRATO AND J. ZABCZYK, Stochastic Equations in Infinite Dimensions, Cambridge
University Press, 1992.

, Ergodicity for Infinite Dimensional Systems, Cambridge University Press, 1996.




20

[14]

(22]

W. WANG, D. CAO & J. DUAN

R. M. DUDLEY, Real Analysis and Probability. Cambridge Univ. Press, 2002.

W. E, X. L1 AND E. VANDEN-EILINDEN, Some recent progress in multiscale modeling, Multiscale
modelling and simulation, Lect. Notes Comput. Sci. Eng., 39 (2004), pp. 3-21.

Z. HuaNG AND J. YAN, Introduction to Infinite Dimensional Stochastic Analysis. Science
Press/Kluwer Academic Pub., Beijing/New York, 1997.

P. IMKELLER AND A. MONAHAN (Eds.), Stochastic Climate Dynamics, a Special Issue in the
journal Stochastics and Dynamics, 2 (2002), No. 3.

V. V. Jikov, S.M. KozLov AND O. A. OLEINIK, Homogenization of Differential Operators
and Integral Functionals, Springer-Verlag, Berlin, 1994.

M. L. KLEPTSYNA AND A. L. PIATNITSKI, Homogenization of a random non-stationary
convection-diffusion problem, Russian Math. Surveys, 57 (2002), pp. 729-751.

J. L. Lions, Quelques Méthodes de Résolution des Problémes Non Linéaires, Dunod, Paris,
1969.

P. L. Lions AND N. MasMouDI, Homogenization of the Fuler system in a 2D porous medium,
J. Math. Pures Appl., 84 (2005), pp. 1-20.

G. D. MAso AND L. MobicA, Nonlinear stochastic homogenization and ergodic theory, J. Rei.
Ang. Math. B, 368 (1986), pp. 27-42.

A. MIKELI¢ AND L. PALOI, Homogenization of the invisicid incompressible fluid flow through
a 2D porous medium, Proc. Amer. Math. Soc., 127 (1999), pp. 2019-2028.

A. K. Nandakumaran and M. Rajesh, Homogenization of a parabolic equation in a perforated
domain with Neumann boundary condition, Proc. Indian Acad. Sci. (Math. Sci.), 112
(2002), pp. 195-207.

———, Homogenization of a parabolic equation in a perforated domain with Dirichlet bound-
ary condition, Proc. Indian Acad. Sci. (Math. Sci.), 112 (2002), pp. 425-439.

E. PARDOUX AND A. L. PIATNITSKI, Homogenization of a nonlinear random parabolic partial
differential equation, Stochastic Process Appl., 104 (2003), pp. 1-27.

E. SANCHEZ-PALENCIA, Non Homogeneous Media and Vibration Theory, Lecture Notes in
Physics, 127, Springer-Verlag, Berlin, 1980.

J. Souza AND A. KisT, Homogenization and correctors results for a monlinear reaction-
diffusion equation in domains with small holes, The 7th Workshop on Partial Differential
Equations II, Mat. Contemp., 23 (2002), pp. 161-183.

C. TIMOFTE, Homogenization results for parabolic problems with dynamical boundary condi-
tions, Romanian Rep. Phys., 56 (2004), pp. 131-140.

M. B. TAGHITE, K. TAOUS AND G. MAURICE, Heat equations in a perforated composite plate:
Influence of a coating, Int. J. Eng. Sci., 40 (2002), pp. 1611-1645.

R. TEMAM AND A. MIRANVILLE, Mathematical Modeling In Continuum Mechanics, Second
edition, Cambridge University Press, Cambridge, 2005

H. WATANABE, Awveraging and fluctuations for parabolic equations with rapidly oscillating
random coefficients, Prob. Theory and Related Fields, 77 (1988), pp. 359-378.

E. WAYMIRE AND J. DUAN (Eds.),Probability and Partial Differential Equations in Modern
Applied Mathematics. IMA Volume 140, Springer-Verlag, New York, 2005.

K. Yosipa, Functional Analysis, Fifth ed., Springer-Verlag, Berlin, 1978.

V. V. ZHIKOV, On homogenization in random perforated domains of general type, Matem.
Zametki, 53 (1993), pp. 41-58.

, On homogenization of nonlinear variational problems in perforated domains, Russian

J. Math. Phys., 2 (1994), pp. 393-408.




