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In this paper the difference in the asymptotic dynamics between the nonlocal and
local two-dimensional Swift–Hohenberg models is investigated. It is shown that
the bounds for the dimensions of the global attractors for the nonlocal and local
Swift–Hohenberg models differ by an absolute constant, which depends only on
the Rayleigh number, and upper and lower bounds of the kernel of the nonlocal
nonlinearity. Even when this kernel of the nonlocal operator is a constant function,
the dimension bounds of the global attractors still differ by an absolute constant
depending on the Rayleigh number. ©2000 American Institute of Physics.
@S0022-2488~00!01204-4#

I. INTRODUCTION

Fluid convection due to density gradients arises in geophysical fluid flows in the atmosp
oceans, and the earth’s mantle. The Rayleigh–Benard convection is a prototypical model fo
convection, aiming at predicting spatio-temporal convection patterns. The mathematical mo
the Rayleigh–Benard convection involves nonlinear Navier–Stokes partial differential equ
coupled with the temperature equation. When the Rayleigh number is near the onset
convection, the Rayleigh–Benard convection model may be approximately reduced to an
tude or order parameter equation, as derived by Swift and Hohenberg.1

In the current literature, most work on the Swift–Hohenberg model deals with the follo
one-dimensional equation forw(x,t), which is a localized, one-dimensionalized version of t
model originally derived by Swift and Hohenberg,1

wt5mw2~11]xx!
2w2w3. ~1!

The cubic termw3 is used as an approximation of a nonlocal integral term. For the~local!
one-dimensional Swift–Hohenberg equation~1!, there has been some recent research on pr
gating or steady patterns~e.g., Refs. 2–4!. Mielke and Schneider5 proved the existence of th
global attractor in a weighted Sobolev space on the whole real line. Hsiehet al.6,7 remarked that
the elemental instability mechanism is the negative diffusion term2wxx .

Roberts8,9 recently re-examined the rationale for using the Swift–Hohenberg model
reliable model of the spatial pattern evolution in specific physical systems. He argued th

a!Author to whom correspondence should be addressed. Electronic mail: duan@math.clemson.edu; Fax:~864!656-5230.
20770022-2488/2000/41(4)/2077/13/$17.00 © 2000 American Institute of Physics
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though the localization approximation used in~1! makes some sense in the one-dimensional c
this approximation is deficient in the two-dimensional convection problem and one should u
nonlocal Swift–Hohenberg model,1,8,9

ut5mu2~11D!2u2uG* u2 , ~2!

where

G* u25E
D

G~A~x2j!21~y2h!2!u2~j,h,t !djdh ,

u5u(x,y,t) is the unknown amplitude function,m measures the difference of the Rayleigh nu
ber from its critical onset value,D5]xx1]yy is the Laplace operator,G(r ) is a given radially
symmetric function (r 5Ax21y2), and* denotes the convolution. The equation is defined fot
.0 and (x,y)PD, whereD is a bounded planar domain with smooth boundary]D.

The two-dimensional version of the local Swift–Hohenberg equation foru(x,y,t) is

ut5mu2~11D!2u2u3 . ~3!

Hereu3 is used to approximate the nonlocal term in~2!.
Roberts8,9 noted that the range of Fourier harmonics generated by the nonlinearities is f

mentally different in two dimensions than in one dimension. This difference requires a
sophisticated treatment of two-dimensional convection problem, which leads to nonlocal n
earity in the Swift–Hohenberg model. He also argued that nonlocal operators naturally app
systematic derivation of simplified models for pattern evolution, and nonlocal operators
permit symmetries which are consisitent with physical considerations.

In this paper, we discuss the difference between nonlocal and local two-dimensional S
Hohenberg models~2!, ~3!, from a viewpoint of asymptotic dynamics. We show that the bou
for the dimensions of the global attractors for the nonlocal and local Swift–Hohenberg m
differ by an absolute constant, which depends only on the the Rayleigh number, and upp
lower bounds of the kernel of the nonlocal nonlinearity. Even when this kernel is a con
function, the dimension bounds of the global attractors still differ by a constant depending o
Rayleigh number. In Secs. II and III, we consider the nonlocal Swift–Hohenberg model
positive or non-negative kernels, respectively. We discuss the local Swift–Hohenberg mo
Sec. IV. Finally in Sec. V, we summarize the results.

II. NONLOCAL SWIFT–HOHENBERG MODEL WITH POSITIVE KERNEL

In this section, we discuss the global attractor and its dimension estimate for the no
Swift–Hohenberg model~2! with positive kernelG.0. We will discuss the model with non
negative kernelG>0 in the next section. In the following we use the abbreviationsL2

5L2(D), L`5L`(D), Hk5Hk(D) andH0
k5H0

k(D) (k is a non-negative integer! for the standard
Sobolev spaces. Let~•,•!, i•i[i•i2 denote the standard inner product and norm inL2, respec-
tively. The norm forH0

k is i•iH
0
k. Due to the Poincare´ inequality,iDkui is an equivalent norm in

H0
k .

We rewrite the two-dimensional nonlocal Swift–Hohenberg equation~2! as

ut1au12Du1D2u1uG* u250 , ~4!

wherea512m. This equation is supplemented with the initial condition

u~x,y,0!5u0~x,y! , ~5!

and the boundary conditions
9 Dec 2005 to 216.47.136.160. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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uU]D50,
]u

]nU
]D

50 , ~6!

wheren denotes the unit outward normal vector of the boundary]D.
In this section, we assume the following conditions for everyt>0 and (x,y)PD:

0,b<G~Ax21y2!<a, and G, ¹G, DGPL`~D ! , ~7!

wherea,b.0 are some positive constants~i.e., G.0 is a positive kernel! and¹5(]x ,]y) is the
gradient operator. We then comment on the model with a special non-negative kernel~i.e., G
>0 or b50) in the next section. In the following we denoteK15i¹Gi` andK25iDGi` .

To study the global attractor, we need to derive somea priori estimates about solutions.
Lemma 1: Suppose u is a solution of (4)–(6). Then u is uniformly (in time) bounded, and th

following estimates hold for t.0:

iu~x,y,t !i2<iu0~x,y!i2 exp~22mt !1
m

b
, ~8!

and thus

lim supt→1`iu~x,y,t !i<Am

b
[R , ~9!

where R5Am/b.
Proof: Taking the inner product of~4! with u, we have

1

2

d

dt
iui21iDui212~Du,u!1aiui21~u2,G* u2!50 . ~10!

Note that

2u~Du,u!u<2iDuiiui<iDui21iui2 ,

~u2,G* u2!>bE
D

u2~x,y!dxdyE
D

u2~j,h!djdh5biui4 .

Then from~10! we get

d

dt
iui212~a21!iui212biui4<0 . ~11!

It is easy to see that ifa>1, i.e., m<0, then all solutions approach zero inL2. We will not
consider this simple dynamical case. In the rest of this paper we assume thatm.0, i.e.,a,1.

Thus we have, for any constante.0 ,

d

dt
iui212eiui212~a212e!iui212biui4<0 , ~12!

or

d

dt
iui212eiui21F ~a212e!

A2b
1A2biui2G 2

<
~a212e!2

2b
. ~13!

So,
9 Dec 2005 to 216.47.136.160. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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d

dt
iui212eiui2<

~a212e!2

2b
. ~14!

By the usual Gronwall inequality10 we obtain

iui2<iu0i2 exp~22et !1
~a212e!2

4be
. ~15!

Whene512a5m, we get the optimal or tight estimate

iui2<iu0i2 exp~22mt !1
m

b
. ~16!

This completes the proof of Lemma 1. j

Moreover, higher order derivatives ofu are also uniformly bounded.
Lemma 2: Suppose u is a solution of (4)–(6). Theni¹ui and iDui are uniformly (in time)

bounded.
In order to prove this lemma, we recall a few useful inequalities.
Uniform Gronwall inequality~Ref. 10!. Let g,h,y be three positive locally integrable func

tions on@ t0 ,1`) satisfying the inequalities

dy

dt
<gy1h ,

with * t
t11gds<a1 , * t

t11hds<a2 and* t
t11yds<a3 for t>t0 , where theai( i 51,2,3) are positive

constants. Then,

y~ t11!<~a21a3!exp~a1!, for t>t0 .

Gagliardo–Nirenberg inequality~Ref. 11!. Let wPLqùWm,r(D), where 1<q, r<`. For
any integerj , 0< j <m, j /m<l<1,

iD jwip<C0iwiq
12liDmwi r

l

provided

1

p
5

j

n
1lS 1

r
2

m

n D1
12l

q
,

andm2 j 2 (n/r ) is not a non-negative integer Ifm2 j 2 (n/r ) is a non-negative integer, then th
inequality holds forl5 ( j /m).

Poincaréinequality ~Ref. 12!. For wPH0
1(D),

l1iwi2<i¹wi2 ,

wherel1 is the first eigenvalue of2D on the domainD, with zero Dirichlet boundary condition
on ]D.

Proof of Lemma 2:Due to the boundary condition~6! on ¹u and the Poincare´ inequality, we
get i¹ui2<l1

21iDui2. Hence it is sufficient to prove thatiDui is bounded. We first show tha
* t

t11iDui2ds is bounded. In fact, using

2u~Du,u!u<2iDuiiui< 1
2 iDui212iui2 ,

in ~10!, we get
9 Dec 2005 to 216.47.136.160. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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d

dt
iui21iDui212~a22!iui212biui4<0 . ~17!

Since

2biui412~a22!iui25biui212bS iui41
2a242b

2b
iui2D

5biui212bS iui21
2a242b

4b D 2

2
~2a242b!2

8b

>biui22
~2a242b!2

8b
,

we conclude

d

dt
iui21iDui21biui2<

~2a242b!2

8b
5

~212m1b!2

8b
. ~18!

Integrating~18! with respect tot from t to t11 and noting Lemma 1, we see that* t
t11iDui2ds

is bounded.
Now, multiplying ~4! by D2u and integrating overD, it follows that

1

2

d

dt
iDui21iD2ui212E

D
DuD2udxdy1aiDui21E

D
uG* u2D2udxdy50 . ~19!

Note that the third term in~19! can be estimated by

2U E
D

DuD2udxdyU< 1
2 iD2ui212iDui2 , ~20!

and the fourth term in~19! can be estimated by

U E
D

uG* u2D2udxdyU
5U E

D
~Du!2G* u2dxdy1E

D
uDuDG* u2dxdy12E

D
¹u•Du¹G* u2dxdyU

<~aiui212l1
2 ~1/2! i¹Gi`iui21 1

2 iDGi`iui2!iDui21 1
2 iDGi`iui4

<~a12l1
2 ~1/2! K11 1

2 K2!iui2iDui21 1
2 K2iui4 ,

wherea, K1 , K2 are various upper bounds ofG defined in~7!, andR is the L2 bound of the
solutionu as in Lemma 1. Hence by~19! we get

d

dt
iDui2<2F S a12l1

2 ~1/2! K11
1

2
K2D iui22a12G iDui21K2iui4 . ~21!

Finally, applying the uniform Gronwall inequality~21! and noting Lemma 1, we conclude th
iDui2 is uniformly bounded for allt>0. This proves Lemma 2. j

We now have the following global existence and uniqueness result:
9 Dec 2005 to 216.47.136.160. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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Theorem 1: Let u0(x,y)PL2(D) and G satisfies~7!, then the initial-boundary value problem
~2!, ~5!, ~6! has a unique global solution uPL`(0,̀ ;H0

2(D)). Moreover, the corresponding
solution semigroup S(t), defined by

u5S~ t !u0 ,

has a bounded absorbing set

B05$uPH0
2~D !:~ iui21i¹ui21iDui2!1/2<R̃% ,

where R̃is a postive constant, depending on the uniform bound ofiui , i¹ui , iDui . Finally, the
solution semigroup S(t), when restricted on H0

2(D), is continuous from H0
2(D) into H0

2(D) for
t.0.

Proof: The global existence, uniqueness, and absorbing property follow from standard
ments~e.g., Refs. 10, 13–15, 11! together with Lemmas 1, 2 above. The absorbing property
follows from these two lemmas.

We now prove thatS(t) is continuous inH2(D)ùH0
1(D).

Suppose thatu0 , v0PH0
2(D) with iDu0i , iDv0i<2R1 , we denote byu(t), v(t) the corre-

sponding solutions, i.e.,u(t)5S(t)u0 , v(t)5S(t)v0 . Let w(t)5u(t)2v(t). Thenw(t) satisfies

wt1D2w12Dw1aw1wG* u21vG* @~u1v !w#50 . ~22!

Applying the Gagliardo–Nirenberg inequality,

iui`<C0iDui ,

and the Poincare´ inequality,

iwi<
1

l1
iDwi ,

we obtain~similar to the proof of Lemma 2!,

d

dt
iDwi2<C1iDwi2 ,

which implies thatiDw(t)i2<iDw0i2 exp(C1t) for some positive constantC1 . This shows that
S(t) is continuous. j

This theorem implies that~4!–~6! defines an infinite dimensional nonlocal dynamical syste
In the rest of this section, we consider the global attractor for the nonlocal dynamical s

~4!–~6!. We will establish the following result about the global attractor:
Theorem 2: There exists a global attractorA for the nonlocal dynamical system (2), (5), (6

The global attractor is thev-limit set of the absorbing set B0 (as in Theorem 1), and it has th
following properties:

~i! A is compact and S(t)A5A, f or t.0;
~ii ! for every bounded set B,H0

2(D), limt→` d(S(t)B,A)50;
~iii ! A is connected in H0

2(D), where d(X,Y)5supxPX in f yPYix2yiH
0
2(D) is the Hausdorff

distance.

Moreover, the global attractorA has finite Hausdorff dimension dH(A)<m, where

m;CS 11A2am

b D ,
9 Dec 2005 to 216.47.136.160. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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where C.0 is a constant depending only on the domain D, and a.0,b.0 are the upper, lower
bounds of the kernel G, respectively.

Proof: The existence and properties ofA are quite standard now~see Refs. 10, 14, and
references therein!. We omit this part, and only estimate the dimensions below.

As in Ref. 10, we may use the so-called Constantin–Foias–Temam trace formula~which
works for the semiflowS(t) here! to estimate the sum of the global Lyapunov exponents ofA.
The sum of these Lyapunov exponents can then be used to estimate the upper boundsA’s
Hausdorff dimension,dH(A). To this end, we linearize Eq.~4! about a solutionu(t) in the global
attractor to obtain an equation forv(t) and then use the trace formula to estimate the sum of
global Lyapunov exponents. Doing so, we obtain

v t1L~u~ t !!v50 , ~23!

where

L~u~ t !!v5D2v12Dv1av1vG* u212uG* @uv# .

This equation is supplemented withv(x,y,0)5j(x,y)PH0
2(D). Denote byj1(x,y),..., jm(x,y),

m linearly independent functions inH0
2(D), and v i(x,y,t) the solution of ~23! satisfying

v i(x,y,0)5j i(x,y), i 51,...,m. Let Qm(t) represent the orthogonal projection ofH0
2(D) onto the

subspace spanned by$v1(x,y,t),...,vm(x,y,t)%.
We need to estimate the lower bound of Tr(L(u(t)Qm(t))), which gives bounds on the sum

of global Lyapunov exponents. Note that in Ref. 10, the linearized equation like~23! is written as
v t5L(u(t))v and in that case one needs to estimate the upper bound of Tr(L(u(t)Qm(t))).
Suppose thatf1(x,y,t), . . . ,fm(x,y,t) is an orthonormal basis (if j i51) of the subspace
Qm(t)H0

2(D) for any t.0.
Now we estimate the lower bound of Tr(L(u(t)Qm(t))). It is easy to see that

Tr~L~u~ t !Qm!!5(
j 51

m

~D2f j12Df j1af j1f jG* u2,f j !1(
j 51

m

~2uG* @uf j #,f j ! .

Since (2Df j ,f j )>2(1/e iDf j i21eif j i2) for any constante.1, we get

Tr~L~u~ t !Qm!!>(
j 51

m F S 12
1

e D iDf j i21bif j i2iui21~a2e!if j i2G
1(

j 51

m

2E
D

uf jG* @uf j #dxdy

>(
j 51

m S 12
1

e D iDf j i21(
j 51

m

~biui21a2e22aiui2!

5(
j 51

m S 12
1

e D iDf j i21@12m2e1~b22a!iui2#m . ~24!

We introduce notationf (x,y)5( j 51
m uf j u2. Note thatm5*Df (x,y)dxdy. By the generalized

Sobolev–Lieb–Thirring inequality,10,13

E
D

f 3~x,y!dxdy<K0(
j 51

m

iDf j i2 ,

whereK0.0 depending only on the domainD. Moreover, due to the fact thatL3(D)
�

L1(D),
9 Dec 2005 to 216.47.136.160. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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m35S E
D

f ~x,y!dxdyD 3

<C2E
D

f 3~x,y!dxdy<K0C2(
j 51

m

iDf j i25C(
j 51

m

iDf j i2

for some constantsC2.0,C.0 depending only on the domainD.
Thus,

S 12
1

e D (
j 51

m

iDf j i2>S 12
1

e D 1

C
m3 . ~25!

Therefore, by~24!–~25! we have

Tr~L~u~ t !Qm!!>

12
1

e

C
m32~m211e1~2a2b!iui2!m

>

12
1

e

C
m32S m211e1~2a2b!

m

b Dm.0 ~26!

whenever

m.AFm211e1~2a2b!
m

b G C

12
1

e

. ~27!

The right-hand side of~27! has the minimal value of

m;CS 11A2am

b D ~28!

whene511A(2am/b).
As in Ref. 10 we conclude that the Hausdorff dimension ofA is estimated as in~28!. This

proves Theorem 2. j

III. NONLOCAL SWIFT–HOHENBERG MODEL WITH NON-NEGATIVE KERNEL

The analysis in the last section for positive kernels does not appear to work for non-ne
kernels. However, for a special non-negative kernel, we can still work out the estimate o
nonlocal effects. In this section, we consider the nonlocal Swift–Hohenberg model with a s
kernalG which satisfiesG>0, i.e.,G has the lower boundb50 in ~7!.

Define

J~r !5H c expS 2
1

12r 2D if r ,1

0 if r>1

, ~29!

where

c5S E
D1

expS 2
1

12r 2DdxdyD 21

, ~30!

r 5Ax21y2 andD15$(x,y)PR2;r ,1%,D. We further define ford.0,
9 Dec 2005 to 216.47.136.160. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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Jd~r !5d22JS r

d D .

Let C0(D̄) be the space of continuous functions with compact support inD. For any f

PC0(D̄), we define the mollifier off (x,y) as in Ref. 12 by the convolution,

Jd* f 5E
D

Jd~A~x2x0!21~y2y0!2! f ~x0 ,y0!dx0dy0 . ~31!

It is known that12

iJd* f 2 f iC0(D̄)→0 as d→0 . ~32!

Thus for any given«1.0, there exists ad05d0(e1).0, such that

Jd0* f > f 2«1 . ~33!

We consider a special kernelG(r )5Jd0
(r ), with the same family ofd05d0(e1) as in~33!, for the

nonlocal Swift–Hohenberg equation~2!. ThenG satisfies

0<G<
c

d0
2 , ¹G, DGPL`~D ! . ~34!

Note that the lower bound ofG is b50, so the derivation in the proof of Lemma 1 does not app
But due to the nice property~33! for the special kernelG(r )5Jd0

(r ), we can still get similar
energy estimates~see Lemma 4 below and the remarks following the proof of Lemma 4! and thus
the estimate of the Hausdorff dimension of the attractor.

The result on the global existence and uniqueness of the solution for the nonlocal S
Hohenberg equation~2! with the special kernelG(r )5Jd0

(r ) can be obtained as in Refs. 15, 1
10 ~note that this result does not require the time-uniform estimates as in Lemma 1!, and we state
it in the following lemma.

Lemma 3:Let u0(x,y)PL2(D) and G5Jd0
(r ). Then the problems~4!–~6! have a unique

solutionu(x,y) such that

uPC~@0,T#;L2~D !!ùL`~~0,T!;H0
2~D !! ,

for t.0.
By Lemma 3 and a standard regularity argument as in Refs. 15, 11 with the Sobolev e

ding theorem,12 we also have

u~ t,x,y!PC0~D̄ !, ;t>t0.0 .

Thus ~33! implies that

G~r !* u2>u2~x,y!2«1 . ~35!

Now we proceed to estimate the dimension of the global attractor for the nonlocal S
Hohenberg model with the special non-negative kernalG>0. As we learned from the last sectio
we can obtain the estimate for the dimension of the attractor as long as we can obtain
estimates in Lemma 1 for our specialG. These estimates are collected in the following lemm

Lemma 4:For any solution as mentioned in Lemma 3, we have
9 Dec 2005 to 216.47.136.160. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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iui2<exp~22t1~41uau!t0!iu0i21
~«1131uau!2uDu

4
, t>t0 ,

and

E
t

t11
iDu~s!i2ds<exp~22t1~21uau!t0!iu0i21

3~«1131uau!2uDu
4

, t>t0 .

Proof: Taking the inner product of~4! with u, we get

1

2

d

dt
iui21iDui212~Du,u!1aiui21E

D
u2~x,y!G* u2~x,y!dxdy50 .

Using ~33! or ~35! and the Young’s inequality,10

2~Du,u!.2 1
2 iDui222iui2 ,

we have

1

2

d

dt
iui21

1

2
iDui21iui22~«1131uau!iui21E

D
u4dxdy<0 .

Since

E
D

@u42~«1131uau!u2#dxdy5E
D

@u22 1
2 ~«1131uau!#2dxdy2

~«1131uau!2uDu
4

.

Therefore,

d

dt
iui21iDui212iui2<

~«1131uau!2uDu
2

, t>t0 .

Lemma 4 is thus proven by using the Gronwall inequality. j

The nice property for the special kernelG(r )5Jd0
(r ), i.e.,~33! or ~35!, is crucial in the above

estimates in Lemma 4, which are required for the estimate of the Hausdorff dimension
global attractor below. With this nice property, the issue of dividing byb50, as in the proof of
Lemma 1, is prevented.

Similarly, following the discussion in the last section, we have global attractorAd0
for our

special non-negative kernelG(r ), and the estimate for the Hausdorff dimension ofAd0
is

dH~Ad0
!<AC~11m!@4md0

21c~«1131uau!2uDu#
2md0

2 , ~36!

where the constantC.0 depends only on the domainD andc is defined in~30!.
It is interesting to note that for the special non-negative kernelG(r )5Jd(r ), we have

Jd(r )* u2(x,y)→u2(x,y) as d→0; see~32!. So the nonlocal Swift–Hohenberg model~2! ap-
proaches the local Swift–Hohenberg model~3! formally asd→0. However, as we see in~36! and
in Theorem 3 in the next section, there is still a difference between the dimensions of the
attractors in these two models.
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IV. LOCAL SWIFT–HOHENBERG MODEL

Similarly, for the two-dimensional local Swift–Hohenberg equation~3!, we can obtain the
existence of the global attractorÃ. We omit this part and will only estimate the dimension ofÃ.

Theorem 3: There exists the global attractorÃ for the local dynamical system~3!, ~5!, ~6!.
The Hausdorff dimensiondH(Ã) of Ã is finite, and dH(Ã)<m1;C(11Am), where C is a
constant depending only on the domain D.

Proof: As in the proof of Theorem 2, we consider the linearized equation of~3!, defined by

v t1L1~u~ t !!v50,

where

L1~u~ t !!v5D2v12Dv1av13u2v.

Then we estimate

Tr~L1~u~ t !Qm!!5(
j 51

m

~D2f j12Df j1af j13u2f j ,f j !

5(
j 51

m

@ iDf j i212~Df j ,f j !1aif j i213~u2f j ,f j !#

>(
j 51

m S 12
1

e D iDf j i21(
j 51

m

~a2e! ,

where we have used the fact that 3(u2f j ,f j )>0. Noting again thatm3<C( j 51
m iDf j i2 and a

512m, we have

Tr~L1~u~ t !Qm!!>

12
1

e

C
m32~m211e!m.0 , ~37!

whenever

m.A~m211e!
C

12
1

e

. ~38!

The right-hand side of~38! has the minimal value of

m;C~11Am! ~39!

whene511Am. This completes the proof. j

V. DISCUSSIONS

In this paper, we have discussed the Hausdorff dimension estimates for the global attrac
the two-dimensional nonlocal and local Swift–Hohenberg model for Rayleigh–Benard co
tion.

The Hausdorff dimension for the global attractor of the nonlocal model with positive ke
G.0 is estimated as
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m;CS 11A2am

b D ,

while for the local model this estimate is

m;C~11Am! ,

whereC.0 is an absolute constant depending only on the fluid convection domain, andm.0
measures the difference of the Rayleigh number from its critical convection onset value. No
a,b.0 are the upper and lower bounds, respectively, of the kernelG of the nonlocal nonlinearity
in ~2!.

The two dimension estimates above differ by an absolute constant (2a2b) (m/b), which
depends only on the the Rayleigh number throughm, and upper and lower bounds of the kernelG
of the nonlocal nonlinearity. Moreover, if the kernelG is a constant function~thus,a5b5G),
then the dimension estimate for the nonlocal model becomes

m;C~11A2m! ,

which still differs from the dimension estimate for the local model by a constant depending o
Rayleigh number throughm.

For a special non-negative kernelG(r )5Jd(r )>0, the nonlocal Swift–Hohenberg model~2!
approaches the local Swift–Hohenberg model~3! formally sinceJd(r )* u2(x,y)→u2(x,y) as d
→0. However, as we see in~36! and in Theorem 3 above, there is still a difference between
dimensions of the global attractors in these two models.16,17
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