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In this paper the difference in the asymptotic dynamics between the nonlocal and
local two-dimensional Swift—-Hohenberg models is investigated. It is shown that
the bounds for the dimensions of the global attractors for the nonlocal and local
Swift—-Hohenberg models differ by an absolute constant, which depends only on
the Rayleigh number, and upper and lower bounds of the kernel of the nonlocal
nonlinearity. Even when this kernel of the nonlocal operator is a constant function,
the dimension bounds of the global attractors still differ by an absolute constant
depending on the Rayleigh number. ZDO0 American Institute of Physics.
[S0022-2488)0)01204-4

[. INTRODUCTION

Fluid convection due to density gradients arises in geophysical fluid flows in the atmosphere,
oceans, and the earth’s mantle. The Rayleigh—Benard convection is a prototypical model for fluid
convection, aiming at predicting spatio-temporal convection patterns. The mathematical model for
the Rayleigh—Benard convection involves nonlinear Navier—Stokes partial differential equations
coupled with the temperature equation. When the Rayleigh number is near the onset of the
convection, the Rayleigh—Benard convection model may be approximately reduced to an ampli-
tude or order parameter equation, as derived by Swift and Hohehberg.

In the current literature, most work on the Swift—Hohenberg model deals with the following
one-dimensional equation fav(x,t), which is a localized, one-dimensionalized version of the
model originally derived by Swift and Hohenberg,

W= W — (14 dy,) W — w5, (1)

The cubic termw?® is used as an approximation of a nonlocal integral term. For(lial)
one-dimensional Swift—-Hohenberg equatidn, there has been some recent research on propa-
gating or steady pattern@.g., Refs. 2-% Mielke and Schneidérproved the existence of the
global attractor in a weighted Sobolev space on the whole real line. Hsiat?’ remarked that
the elemental instability mechanism is the negative diffusion tenw,, .

Robert&® recently re-examined the rationale for using the Swift—Hohenberg model as a
reliable model of the spatial pattern evolution in specific physical systems. He argued that, al-
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though the localization approximation used(ih makes some sense in the one-dimensional case,
this approximation is deficient in the two-dimensional convection problem and one should use the
nonlocal Swift—Hohenberg mod&f.°

Up=pu—(1+A)2u—uG+u?, )

where

Crut= f G((x= &+ (y= ))& mt)dédy,

u=u(x,y,t) is the unknown amplitude functiop, measures the difference of the Rayleigh num-
ber from its critical onset valued = d,,+ dy, is the Laplace operatoG(r) is a given radially
symmetric function (= \x>+y?), and* denotes the convolution. The equation is definedtfor
>0 and &,y) e D, whereD is a bounded planar domain with smooth boundady

The two-dimensional version of the local Swift—Hohenberg equationfgry,t) is

up=pu—(1+A)2u—ud. ©)

Hereu® is used to approximate the nonlocal term(2.

Robert§® noted that the range of Fourier harmonics generated by the nonlinearities is funda-
mentally different in two dimensions than in one dimension. This difference requires a more
sophisticated treatment of two-dimensional convection problem, which leads to nonlocal nonlin-
earity in the Swift—Hohenberg model. He also argued that nonlocal operators naturally appear in
systematic derivation of simplified models for pattern evolution, and nonlocal operators also
permit symmetries which are consisitent with physical considerations.

In this paper, we discuss the difference between nonlocal and local two-dimensional Swift—
Hohenberg model€2), (3), from a viewpoint of asymptotic dynamics. We show that the bounds
for the dimensions of the global attractors for the nonlocal and local Swift—Hohenberg models
differ by an absolute constant, which depends only on the the Rayleigh number, and upper and
lower bounds of the kernel of the nonlocal nonlinearity. Even when this kernel is a constant
function, the dimension bounds of the global attractors still differ by a constant depending on the
Rayleigh number. In Secs. Il and Ill, we consider the nonlocal Swift—Hohenberg model with
positive or non-negative kernels, respectively. We discuss the local Swift—Hohenberg model in
Sec. IV. Finally in Sec. V, we summarize the results.

II. NONLOCAL SWIFT-HOHENBERG MODEL WITH POSITIVE KERNEL

In this section, we discuss the global attractor and its dimension estimate for the nonlocal
Swift—Hohenberg mode(2) with positive kernelG>0. We will discuss the model with non-
negative kernelG=0 in the next section. In the following we use the abbreviatidrfs
=L2(D), L*=L*(D), H*=HX(D) andH{=HK(D) (k is a non-negative integefor the standard

Sobolev spaces. Lét,-), |-||=|-|, denote the standard inner product and norni.?n respec-
tively. The norm forHg is ||- ||Hl(<). Due to the Poincarmequality,||D*ul| is an equivalent norm in
HE.

We rewrite the two-dimensional nonlocal Swift—Hohenberg equapras
Ui+ au+2Au+A2u+uGru?=0, (4
wherea=1— u. This equation is supplemented with the initial condition

u(x,y,0)=ug(x,y), (5)

and the boundary conditions
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=0, (6)

wheren denotes the unit outward normal vector of the bounddy
In this section, we assume the following conditions for every0 and (,y) e D:

0<b=G({yx*+y?)<a, and G, VG, AGeL*(D), (7)

wherea,b>0 are some positive constarite., G>0 is a positive kernglandV = (dy,d,) is the
gradient operator. We then comment on the model with a special non-negative kerneb
=0 orb=0) in the next section. In the following we dendte=|VG|.. andK,=|AG|...
To study the global attractor, we need to derive s@m@iori estimates about solutions.
Lemma 1: Suppose u is a solution of£@g). Then u is uniformly (in time) bounded, and the
following estimates hold fort0:

U0y, OIP<]uo(x,y)2 exe ~ 272 + 5 ®)

and thus

- s
lim Sup(—>+°0||u(xay1t)”$ \/;ER! (9)

where R=+/u/b.
Proof: Taking the inner product of4) with u, we have

1d

> dt||u||2+||Au||21L 2(Au,u)+ alul|?+ (u?,G*u?)=0. (10)

Note that
2|(Au,w)|<=2[Aullul=<lAul>+]ul?,
(12,6207 =b | uwxyidxdy| w(e mdedn=blul.
Then from(10) we get
d
aﬂUW+2(a—lwa+2bmm4<0- 11

It is easy to see that k=1, i.e., u<0, then all solutions approach zero lif. We will not
consider this simple dynamical case. In the rest of this paper we assumettiati.e., a<1.
Thus we have, for any constaat-0 ,

d
gellul?+2€ful®+2(a— 1= e)|ull*+2blju]*<0, (12
or
d (a—1—¢) ? (a—1-¢)?
_ 2 2 2| <
g+ 2ellul?+| ===+ V2Blul?| < —5—. (13
So,
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&+ 2due= < 1
By the usual Gronwall inequalit) we obtain
o=l exp -2t + (19
Whene=1—a=pu, we get the optimal or tight estimate
Juil?= ugl? exp(—2uat) + - (16)
This completes the proof of Lemma 1. |

Moreover, higher order derivatives afare also uniformly bounded.

Lemma 2: Suppose u is a solution of{g). Then||Vu| and||Au|| are uniformly (in time)
bounded

In order to prove this lemma, we recall a few useful inequalities.

Uniform Gronwall inequality(Ref. 10. Let g,h,y be three positive locally integrable func-
tions on[t,, +) satisfying the inequalities

dy
q=9yrh,
with [I*1gds<a,, [{**hds<a, and[!"'yds<a, for t=t,, where thea;(i=1,2,3) are positive
constants. Then,
y(t+1)=<(a,t+az)expa;), for t=t,.

Gagliardo-Nirenberg inequality(Ref. 11. Let we LINW™'(D), where 1=q, r<o. For
any integerj, O<jsm, j/Im=s\<1,

[DIw]lp=Collwilg ™ [D™w]}

provided
1 1 m) 1-\
—==+\N == =]+ —,
p n ron q
andm—j— (n/r) is not a non-negative integerrf—j— (n/r) is a non-negative integer, then the

inequality holds forn= (j/m).
Poincareinequality (Ref. 12. Forwe H}(D),

Nllwl?<[Vw?,
where) ; is the first eigenvalue of A on the domairD, with zero Dirichlet boundary condition
on dD.
Proof of Lemma 2Due to the boundary conditioi®) on Vu and the Poincarmequality, we

get|Vul?<\; Y Aul?. Hence it is sufficient to prove thi\u| is bounded. We first show that
S Au|?ds is bounded. In fact, using

2|(Au,w)[<2]Aullllull< ZlAul+2]ul?,

in (10), we get
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d
gelulP+Aul?+2(a—2)ul?+2b]ul*<0. 17)

Since

20—

4-B
ZbHUV+2(a—2)WM2=bWH2+2B(WM4+-—75;——HMF)

=bllull?+2] lul*+

2a—4—ﬁ)2 (2a—4-B)?
a6 | 8p
(2a—4-p)?
83 '

=bufl*~

we conclude

(2a—4-B)* (2+2u+p)?

d
2 2 2
i+ 18ul+ buj= == 5

(18

Integrating(18) with respect tat fromt to t+1 and noting Lemma 1, we see thdt Y|Au|/?ds
is bounded.

Now, multiplying (4) by A2u and integrating oveD, it follows that
1d
Ea||Au||2+||A2u\|2+2f AuA2udxdy+a||Au||2+f UG UZAZudxdy=0.  (19)
D D
Note that the third term i119) can be estimated by
2U Aquudxd% L AZu]2+ 2] Aul?, 20
D

and the fourth term ir{19) can be estimated by

‘ f uGH uzAzudxd\{
D

:f (Au)zG*uzdxderf uAuAG*uzdxdy+2f Vu~AuVG*u2dxd)+
D D D

<(@ul*+2x; Y2 |VGL.[ul*+ [ AG.[lul®)lAulP+ F[AG|.]ul*
<(a+2n; MK+ 3Kl Auf?+ 3K [ul*,

wherea, K, K, are various upper bounds & defined in(7), andR is the L? bound of the
solutionu as in Lemma 1. Hence b{19) we get

d
—IAullP<
laufP=2

1
a+2n; YK+ EKZ) [ul]?— a+2

1A U]+ Kollul*. (21)

Finally, applying the uniform Gronwall inequalit21) and noting Lemma 1, we conclude that
[|Aul? is uniformly bounded for alt=0. This proves Lemma 2. [ |
We now have the following global existence and uniqueness result:
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Theorem 1: Let uy(x,y) € L3(D) and G satisfie$7), then the initial-boundary value problem
(2), (5), (6) has a unique global solution &1L*(00;H3(D)). Moreover, the corresponding
solution semigroup &), defined by

u=3S(t)ug,

has a bounded absorbing set
Bo={ueH3(D):(Jul?+[Vul*+]Aul* <Ry},

where Ris a postive constant, depending on the uniform bouriupf | Vul|, |Aul|. Finally, the
solution semigroup &), when restricted on %(D), is continuous from %I(D) into Hg(D) for
t>0.

Proof: The global existence, uniqueness, and absorbing property follow from standard argu-
ments(e.g., Refs. 10, 13-15, 1iogether with Lemmas 1, 2 above. The absorbing property also
follows from these two lemmas.

We now prove thaB(t) is continuous irHZ(D)ﬂHé(D).

Suppose thatly, voe H3(D) with [|Aug|, |Ave|<2R,, we denote by(t), v(t) the corre-
sponding solutions, i.eu(t) =S(t)ug, v(t)=S(t)vy. Letw(t)=u(t) —v(t). Thenw(t) satisfies

Wi+ A2W+ 2AwW+ aw+wGr u?+ v G*[(u+v)w]=0. (22
Applying the Gagliardo—Nirenberg inequality,
lul=CollAul,

and the Poincarsequality,
< 1 A
HWII\MII wl,
we obtain(similar to the proof of Lemma)2
2 awl=c,lawf?
dt 1 ’

which implies that|Aw(t)[?><| Aw,|? exp(Cyt) for some positive constar@®;. This shows that
S(t) is continuous. |

This theorem implies tha#)—(6) defines an infinite dimensional nonlocal dynamical system.

In the rest of this section, we consider the global attractor for the nonlocal dynamical system
(4)—(6). We will establish the following result about the global attractor:

Theorem 2: There exists a global attractod for the nonlocal dynamical system (2), (5), (6).
The global attractor is theo-limit set of the absorbing setB(as in Theorem 1), and it has the
following properties:

(i) A is compact and @) A=A, for t>0;

(i)  for every bounded set®H3(D), lim,_...d(S(t)B,.4)=0;

(i) A is connected in B(D), where c(X,Y)=sug(€Xinfy€Y||x—y||H§(D) is the Hausdorff
distance

Moreover, the global attractord has finite Hausdorff dimensiony@.4)<m, where

2au
N T) '

m~C
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where C>0 is a constant depending only on the domaindnhd a>0,b>0 are the upper, lower
bounds of the kernel G, respectively

Proof: The existence and properties gf are quite standard nowsee Refs. 10, 14, and
references thereinWe omit this part, and only estimate the dimensions below.

As in Ref. 10, we may use the so-called Constantin—Foias—Temam trace fofwhith
works for the semiflowS(t) here to estimate the sum of the global Lyapunov exponents!of
The sum of these Lyapunov exponents can then be used to estimate the upper bodrsls of
Hausdorff dimensiong,;(.A). To this end, we linearize E@4) about a solutionu(t) in the global
attractor to obtain an equation fo(t) and then use the trace formula to estimate the sum of the
global Lyapunov exponents. Doing so, we obtain

vit+L(u(t)v=0, (23
where
L(u(t)v=A%+2Av+av+vG*u?+2uG*[uv].

This equation is supplemented wittix,y,0)= £(x,y) € H3(D). Denote byé;(X,y), ..., Em(X,y),
m linearly independent functions irh-IS(D), and v;(x,y,t) the solution of (23) satisfying
vi(X,y,0)=&(x,y), i=1,...m. Let Q,(t) represent the orthogonal projectionffbg(D) onto the
subspace spanned By (X,Y,t),... v m(X,y,1)}.

We need to estimate the lower bound of Of((t) Q,,(t))), which gives bounds on the sum
of global Lyapunov exponents. Note that in Ref. 10, the linearized equatiof2&aes written as
vi=L(u(t))v and in that case one needs to estimate the upper bound bfulit)Q(t))).
Suppose thatp(X,y,t), . ..,¢m(X,y,t) is an orthonormal basis|¢;|=1) of the subspace
Qm(t)H3(D) for anyt>0.

Now we estimate the lower bound of Tr(u(t)Q,(t))). It is easy to see that

Tr(L(u(t)Qm))=JZl (A2¢j+2A¢j+a¢j+¢jc;*u2,¢j)+;1 (2uG*[udj],¢;) -

Since (A ¢;,¢;)=—(1/e||A¢;||*+ €l ¢;||?) for any constant>1, we get

Tr(L(u(t)Qm)= >,

=1

1
|1 2| Is g bl ol (el

+ 2 ZJ U@;G*[ug;ldxdy
=1 D

v

> (1——) |A¢,||2+2 (blul*+ o e~ 2al ul?)

3 [1-3)isajs - p-ero-2aluism. @9

We introduce notatiori(X,y) = f 1|¢1|2 Note thatm= [f(x,y)dxdy. By the generalized
Sobolev—Lieb—Thirring inequalit}’*

m
[ Poxaxdy=ksS, Iao,

whereK,>0 depending only on the domaid. Moreover, due to the fact that(D)_ LY(D),
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3 m m
m3=( fo<x,y>dxdy) scszf3<x,y>dxdy<Kocszl ||A¢;H2=CJ§1 1A ;2

for some constant€,>0,C>0 depending only on the domaib.
Thus,

1\ & 1\ 1
— P2=l1-Z1=m3
(1 E)jZl 1A >(1 e>cm : (25)
Therefore, by(24)—(25) we have
1

1__
THL(U() Q) =~ M= (= 1+ e+ (2a=b) Ju)m

1
=
> — ma—(ﬂ—1+e+(2a—b)%)m>0 (26)

m> \/{M—1+e+(2a—b)%}%. (27
1_

whenever

€

The right-hand side of27) has the minimal value of
2a
1+ 4/ —M> 29)
b
whene=1++/(2aul/b).

As in Ref. 10 we conclude that the Hausdorff dimensiondofs estimated as i628). This
proves Theorem 2. |

m~C

[lI. NONLOCAL SWIFT-HOHENBERG MODEL WITH NON-NEGATIVE KERNEL

The analysis in the last section for positive kernels does not appear to work for non-negative
kernels. However, for a special non-negative kernel, we can still work out the estimate on the
nonlocal effects. In this section, we consider the nonlocal Swift—Hohenberg model with a special
kernal G which satisfiesc=0, i.e.,G has the lower bountd=0 in (7).

Define

1
cexp ———| if r<i
J(r)= F( 1-r )

0 ifr=1

CZ(J' ex;{— ! )dxdy)_1 (30
D, 1—r2 '

r=x?+y? andD;={(x,y) e R%r<1}CD. We further define fos>0,

: (29

where
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Ja(r)za—ZJ(%).

Let CO(S) be the space of continuous functions with compact suppoi.inFor any f
e Cy(D), we define the mollifier of (x,y) as in Ref. 12 by the convolution,

Jsxf= fDJs(\/(X—Xo)ZJF(y_YO)z)f(Xo,YO)dXodYO- (31)

It is known that?
[9s* f=fllcyp)—0 as §—0. (32
Thus for any givere >0, there exists &y= dy(€;) >0, such that
Jsrf=f—eq. (33

We consider a special kern@l(r) =.J50(r), with the same family ob,= dy(€;) as in(33), for the
nonlocal Swift—-Hohenberg equati@f). ThenG satisfies

C
Osngz, VG, AGelL*(D). (34
0

Note that the lower bound @ is b= 0, so the derivation in the proof of Lemma 1 does not apply.
But due to the nice propert{83) for the special kerneG(r)=J50(r), we can still get similar
energy estimate@ee Lemma 4 below and the remarks following the proof of Lemjrand thus
the estimate of the Hausdorff dimension of the attractor.

The result on the global existence and uniqueness of the solution for the nonlocal Swift—
Hohenberg equatio(®) with the special kerne(B(r)zJ,go(r) can be obtained as in Refs. 15, 11,
10 (note that this result does not require the time-uniform estimates as in Lemmadlwe state
it in the following lemma.

Lemma 3:Let uy(x,y) € L%(D) and G=J(;O(r). Then the problem$4)—(6) have a unique

solutionu(x,y) such that
ue C([0,T];LA(D))NL™((0,T);H3(D)),

for t>0.
By Lemma 3 and a standard regularity argument as in Refs. 15, 11 with the Sobolev embed-
ding theorent? we also have

u(t,x,y)e Co(D), Vt=ty,>0.
Thus(33) implies that
G(r)*u?=u?(x,y)—e;. (39
Now we proceed to estimate the dimension of the global attractor for the nonlocal Swift—
Hohenberg model with the special non-negative ke@&l0. As we learned from the last section,
we can obtain the estimate for the dimension of the attractor as long as we can obtain similar

estimates in Lemma 1 for our specfal These estimates are collected in the following lemma.
Lemma 4:For any solution as mentioned in Lemma 3, we have
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(e1+3+]a])?|D

lull?<exp(—2t+(4+|al)to) | u|*+ 1

, t=tg,

and

3(e1+3+]al)?|D|
4

t+1
ft IAU(S)[Zds=exp — 2t+ (2+ | a] to) g+ =ty

Proof: Taking the inner product of4) with u, we get

1d
5 a||u||2+||Au||2ﬂL 2(Au,u)+ aful|?+ fDuz(x,y)G* u?(x,y)dxdy=0.
Using (33) or (35) and the Young's inequalit}’

2(Au,u)>— 3 Auf?=2]ul?,

we have
1d 1
——HUI|2+—IIAUI|2+|IUI|2—(81+3+|aI)IIUIIZ+f u“dxdy=0.
2 dt 2 D
Since
g1+3+]|al)?D
f[u4—(sl+3+|a|)uz]dxdy=f[ 2_ %(sl+3+|a|)]2dxdy—( ! 4| DA |.
D D
Therefore,
d o (e+3+|a])?D)
SlulP+lau+2)ules =2 e,
Lemma 4 is thus proven by using the Gronwall inequality. |

The nice property for the special kerr@(r)=J; (r), i.e.,(33) or (35), is crucial in the above
estimates in Lemma 4, which are required for the estimate of the Hausdorff dimension of the
global attractor below. With this nice property, the issue of dividingobyO, as in the proof of
Lemma 1, is prevented.

Similarly, following the discussion in the last section, we have global attra‘lcgoorfor our

special non-negative kern€l(r), and the estimate for the Hausdorff dimensionﬁg(f) is

C(1+u)[4pdi+c(e +3+|al)?D
dH(A50)<\/ w[4nd5+c(e+3+|a|)?D[] 39

ZMé‘g '

where the constar®>0 depends only on the domaih andc is defined in(30).

It is interesting to note that for the special non-negative ke@él)=Js(r), we have
Js(r)*u?(x,y)—u?(x,y) as 6—0; see(32). So the nonlocal Swift—Hohenberg mod&) ap-
proaches the local Swift—Hohenberg mo@®Iformally as§— 0. However, as we see {36) and
in Theorem 3 in the next section, there is still a difference between the dimensions of the global
attractors in these two models.
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IV. LOCAL SWIFT-HOHENBERG MODEL

Similarly, for the two-dimensional local Swift—-Hohenberg equati8jh we can obtain the
existence of the global attractat. We omit this part and will only estimate the dimensionf

Theorem 3: There exists the global attractod for the local dynamical systeii3), (5), (6).
The Hausdorff dimensionl,,(4) of A is finite, and ¢,(A)<m;~C(1+u), where C is a

constant depending only on the domain D
Proof: As in the proof of Theorem 2, we consider the linearized equatioi3)pfdefined by
vt Ly(u(t)v=0,
where

Ly(u(t)v=A%+2Av+ av+3u?.

Then we estimate

Tr(L1(u(t) Q)= JEl (A%¢;+2A ¢+ ag;+3U%g; , ¢))

;1 [AG12+2(Ad;, b))+ al b+ 3(u2eh;, b))]

V

1 m
1-Jiager 3, (e,
=1

m
2
where we have used the fact thatud¢; , #;)=0. Noting again tham®<C=" 1A ¢;[* and &
=1—u, we have

1

1__
THL(U(Q) = —— M= (u— 1+ )m>0, 37)

m>  [(u—1+e) Cl. (38)
1__

€

whenever

The right-hand side of38) has the minimal value of
m~C(1+u) (39

whene=1+ \/u. This completes the proof. |

V. DISCUSSIONS

In this paper, we have discussed the Hausdorff dimension estimates for the global attractors of
the two-dimensional nonlocal and local Swift—Hohenberg model for Rayleigh—Benard convec-
tion.

The Hausdorff dimension for the global attractor of the nonlocal model with positive kernel
G>0 is estimated as
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2au
1+ —,
b )

m~C(1+u),

whereC>0 is an absolute constant depending only on the fluid convection domainy i@
measures the difference of the Rayleigh number from its critical convection onset value. Note that
a,b>0 are the upper and lower bounds, respectively, of the k& raf the nonlocal nonlinearity
in (2).

The two dimension estimates above differ by an absolute constant i§2(«/b), which
depends only on the the Rayleigh number thropgland upper and lower bounds of the ker@el
of the nonlocal nonlinearity. Moreover, if the kern®lis a constant functiofithus,a=b=G),
then the dimension estimate for the nonlocal model becomes

m~C

while for the local model this estimate is

m~C(1+\2u),

which still differs from the dimension estimate for the local model by a constant depending on the
Rayleigh number througja.

For a special non-negative kerr@(r)=J,(r)=0, the nonlocal Swift—Hohenberg mod&)
approaches the local Swift—Hohenberg mogl formally sinceJs(r)*u?(x,y)—u?(x,y) asé
—0. However, as we see i36) and in Theorem 3 above, there is still a difference between the
dimensions of the global attractors in these two modfets.
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