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Abstract

The Swift-Hohenberg fluid convection system with both local and nonlocal nonlinearities under
the influence of white noise is studied. The objective is to understand the difference in the dynamical
behavior in both local and nonlocal cases. It is proved that when sufficiently many of its Fourier
modes are forced, the system has a unique invariant measure, or equivalently, the dynamics is ergodic.
Moreover, it is found that the number of modes to be stochastically excited for ensuring the ergodicity
in the local Swift—-Hohenberg system depemady on the Rayleigh number (i.e., it does not even
depend on the random term itself), while this number for the nonlocal Swift—-Hohenberg system relies
additionally on the bound of the kernel in the nonlocal interaction (integral) term, and on the random
term itself.
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1. Introduction

looseness=-1Density gradient-driven fluid convection arises in geophysical fluid flows
in the atmosphere, oceans and the earth’s mantle. The Rayleigh—Benard convection is
a prototypical model for fluid convection, aiming at predicting spatio-temporal convec-
tion patterns. The mathematical model for the Rayleigh—Benard convection involves the
Navier—Stokes equations coupled with the transport equation for temperature. When the
Rayleigh number is near the onset of the convection, the Rayleigh—Benard convection model
may be approximately reduced to an amplitude or order parameter equation, as derived by
Swift and Hohenber{4].

In the literature, most works (e.q41,7,14,28) on the Swift-Hohenberg model deal with
the following evolution equation for order parametéx, ¢), which is localized version of
the model originally derived by Swift and Hohenbé¢84],

u; =ou— (1+ axx)zu - ”3a
whereg measures the difference of the Rayleigh number from its critical onset value and
the cubic termu® is an yet “approximation” of a nonlocal integral term in the original
Swift-Hohenberg modgB4].

Roberts[32,33] re-examined the rationale for using the Swift—-Hohenberg model as a
reliable simplified model of the spatial pattern evolution in fluid convection. He argued that,
although the localization approximation used in (1) makes some sense, the approximation
is deficient in describing some basic features of such systems, and devised via symmetry
argument the following modified Swift—-Hohenberg equation with nonlocal interactions:

ur = ou — (L4 0xx)?u — uG % u?,

where G x u? is a spatial convolution integral an@(-) is a given radially symmetric
positive (or nonnegative) function. We call this functi@rihe kernel for the nonlocal term.

In fact, nonlocal integral terms often appear naturally in amplitude equation models for
nonequilibrium systems; see, e [£5,15,8,23]

Our goal in this paper is to examine the above local and nonlocal Swift—-Hohenberg
models, by investigating the dynamical difference of both models under random impact as
well as under nonlocal interactions.

Fluid systems are often subject to random environmental influences. On the one hand,
there is a growing recognition of a role for the inclusion of stochastic effects in the mod-
eling of complex systems. Randomness can have delicate impact on the overall evolution
of such systems, for example, noise-induced phase transition or stochastic bifufthtion
stochastic resonand&9], and noise-induced pattern formatifi8,2]. Taking stochastic
effects into account is of central importance for the development of mathematical models
of such complex phenomena in engineering and science. Macroscopic models in the form
of partial differential equations for these systems contain such randomness as stochastic
forcing, uncertain parameters, random sources or inputs, and random boundary conditions.
Stochastic partial differential equations (SPDESs) are appropriate models for randomly in-
fluenced spatially extended systems. On the other hand, the inclusion of such effects has
led to interesting new mathematical problems at the interface of probability and partial
differential equations.
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In this paper, we consider the Swift-Hohenberg model, taking stochastic forcing as well
as nonlocal interactions, into account.
First, we consider the local stochastic Swift-Honenberg system (LSSH)

u=ou— 1+ 002 —u+ F(x, 1), u(0)=uo, 1)

under the periodic boundary condition with periad th which the stochastic force is taken
to be of the form

N/
F,n=aWen=a Y be@u@), N <o, )
i=1

where{e;} is an orthonormal basis of the Hilbert spalle= Lger(o, 2n) formed by the

eigenvectors of the operater = —(1 + Oxx)?, {wi(r), 1>0} are independent standard
Wiener processes, and the real coefficiénts O satisfies

b; #0, 1<i<NLKN’

for some sufficiently largé\.
Then, we study the nonlocal stochastic Swift-Hohenberg system (NLSSH)

up=ou — (L+ 0v0)%u —uG xu® + F(x,1), u(0)=uo, 3

with a positive kernel (i.eG > 0) and a special nonnegative kernel (@2 0), respectively,
under the periodic boundary condition, in which

2n
G*u2=f0 Glx — Oul(E 1) de

and the stochastic force is taken to be of the form

N/
Fx,t)=0,W(x.1)=0; Y _ biej(x)w;(t), N'<oo. (4)
i=1

The diagnostic tool we choose to compare the dynamical differences between the local and
nonlocal stochastic Swift-Hohenberg systenesgodicity Namely, we are interested in the
ergodicity of the Markov solution processttgenerated by the stochastic Swift—-Hohenberg
equation (1) which forms a random dynamical system (RDS). More precisely, we first prove
that if sufficiently many of its Fourier modes are forced, the LSSH system has a unique
invariant measure, or equivalently, the dynamics is ergodic in the phase space, and that all
solutions converge exponentially fast in distribution to this unique measure (Theorem 5.2
and Corollary 5.3). Our results show that under certain conditions the RDS generated by
(1) has a global exponentially attracting fixed point in the sense of distribution. And this
fixed point is the unique invariant measure which is supported on the random attractor.
Namely, the LSSH system (1) is ergodic. To prove our results, we decompose the LSSH
system (1) into alow mode part with a finite dimension and a high mode part with an infinite
dimension. In the low mode part, we use the maximal coupling approach, which is used
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in [21], to prove that the low mode part can be coupled. The high mode part can be enslaved,
and then the ergodic result is obtained; see fsl6,27]

We verify that the dynamics of the nonlocal stochastic Swift-Hohenberg equation (3) is
also ergodic, provided sufficiently many of its Fourier modes are forced (Theorems 6.4 and
6.5). However, our interest here is to investigate the difference in the conditions ensuring
the ergodicity of the LSSH and NLSSH systems. We find out that (see discussions in
Section 7):

(i) For thelocal Swift-Hohenberg system, the estimated number of Fourier modes to be
randomly excited for ensuring ergodicity depends only on the parametdrich measures
the difference of the Rayleigh number from its critical onset value. Note that this number
does not depend on the random forcing term;

(ii) For the nonlocal Swift-Hohenberg system with positive kerr@lin the nonlocal
nonlinearity, the estimated number of Fourier modes to be randomly excited for ensuring
ergodicity depends additionally on the upper and lower bounds of the positive kernel, and
on the random term itself.

Recently, there have been a number of papers on ergodicity of stochastically forced
partial differential equations (SPDES) and, in particular, 2D Navier—Stokes equations. The
stochastic force of the SPDEs may be in the form of (2) above or in the following form
(so-called kick-force):

F.ty= Y fidt =Th), fi=Y b;éje;. ®)
j=1

k=—00

whereb; >0 are some constants such t@tb% < oo and{¢,} are independent random
variables withk-independent distributions, or the white (in time) force of form (2). A
coupling approach and the so-called Kantorovich functionals ([2@,22,27) have been
developed to show exponential convergence to the unique invariant measure for stochastic
Navier—Stokes equation. Similar results were obtaind@80f For the white noise forced
PDE,[11] and[26] obtained the ergodicity of the stochastic forcing Navier—Stokes equation
for the case when the random force is singulad. ifor the 2D Navier—Stokes equation with
periodic boundary condition and random forcifi@], proved uniqueness of the stationary
measure under the condition that all “deterministic modes” are forced, by studying the
Gibbsian dynamics of the low modes. The ide§dhhas been used in other papers to get
explicit results. Moreovel,16] obtained the exponential mixing property of the stochastic
Ginzburg-Landau equation by the so-call@dding constructionWe also mention that
[21] developed the idea if20,22] to get the rates of the measure converge to the unique
invariant measure for 2D Navier—Stokes equation with a white noise to all Fourier modes.
In the present paper, the linear partl + 0,,)u in the Swift-Hohenberg models is
not dissipative, i.e., it has positive eigenvalues. Similar situation has also been considered
in [16], for example. In this case, the coupling approach can still be used to investigate
ergodicity. In fact, we can directly study the maximal coupling solutions of the stochastic
Swift-Hohenberg system, without constructing the Kantorovich functional{l&87]
Then the key fact that the orbit in s&tm, k) comes fromR (m) U S(m, m) helps us to prove
the main result without using the exponential decay of a Kantorovich-type functional, for
details see Sections 4 and 5. For simplicity of presentation, in this paper we only work with
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the periodic boundary condition and only consider the case when only finite modes are
forced, i.e,N’ < co. However, we emphasize that our argument applies in principle to the
case when the other more physical boundary conditions are posed and when all the modes
are subject to random excitation. Moreover, our techniques also applies to more realistic
2D Swift-Hohenberg model, .1 + d.,)? is replaced byl + 0, + d,y)2.

We remark that a systematic treatment for random dynamical systems (including ergod-
icity) is emerging; see, e.d1,7,5,35,36,37]

The remainder of this paper is organized as follows. In Section 2, we decompose the
local system LSSH into the low mode part and the high mode part. Section 3 is devoted
to some energy estimates of the solution. The coupling construction and a coupling result
are given in Section 4. Then we give the ergodic result in Section 5. In Section 6, we study
the ergodicity of nonlocal system NLSSH with positive or nonnegative kernels of nonlocal
nonlinearity, respectively, by the techniques developed in the previous sections. Finally, we
discuss the difference between LSSH system and NLSSH system by analysing the minimal
conditions ensuring the ergodicity in Section 7.

2. Decomposition of the local system

We consider the following system on the real line:

ur —ou + L+ 0v0)%u +u® = F(x, 1), (6)
u(0) = uo, (7)
u(t,x) =u(t, x + 2m). (8)

Let A = —(1+ d,,)2. Itis well known thatA generates a compact analytic semigrotfp e
in Cler- Since

BOIZbl-2<OO, )

the stochastic convolutiofiy e4¢=? dW (x, ) is continuous folx, ¢); see[6].
For convenience, we assurlvé < co. Let (-, -) be the scalar product ¢f = Lger(o, 2m),
| - | the norm, and/ = H' N H. Let

H; =span{e;,0<i<N}, Hj,=spanle;,i > N},

which are two subspaces Hf We will call H; the low mode space and, the high mode
space. ClearlyH = H; & Hj,. Let P, and P, be the orthogonal projections ontf and
Hy,, respectively. Denoting () = (I(¢), h(z)), then (6)—(8) is equivalent to the following
equations or:

[=PAl+9l— P +h)3+ PF(x, 1), 10)=Ilp; (10)
h = PyAh + oh — Pyl + 1)3,  h(0) = ho, (11)

wherelp = Pju(0) andhg = P,u(0). For any givenT > 0, since the noise is additive we
can treat the equation pathwise. Then the deterministic theory implies that (6)—(8) admits a
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mild solution with transition probability? (¢, x, I') for I’ € #(H), the Borelo-algebra in
H. Here, we treat (6)—(8) in another way that fore H;, ho € Hj, (10)—(11) has a unique
solution(l,h) € X =C([0, T], H), wherel € C(0, T; H)) andh € C(0, T; Hy). Notice
that, for giveni(r) we can solve (10) witltkg € Hj,. This solution is written a®(l, ho).
Much more such decomposition is discussefLDi.

Letls =1, h1 =hfort € [0, T1, Iy andh; be the solutions ofD, kT'1, 1, x andh,, x be
the solutions oim T, kT for 0<m < k. Similar foru,, andu,, k.

For (10) and (11), we have the following proposition, which displays the main idea of
the paper.

Proposition 2.1. For anyuj, ug € H, if I, , =12 | then there exists a constabt- 0 such
that

lul — w21 <e D ouTy — ul(mT)|, t € [mT,kT].

Proof. Sincell , =12, we only consider the high mode. Let=h* — h2. Thenp satisfies

.k
p=Ap+0p — Pp(hH® — @??).

Taking the scalar product of the above equation with H;, and notice that
(Ph(@hH® = @??), p) >0,

we have
PP < (e + )lpl?,

whereoy is theNth eigenvalue oA. If we chooseN so large thatiy + ¢ <0, then
pl?<e ™ Dp(mT)L, 1 € (mT, kT,

for some constant. This completes the proof.[]

Remark 2.2. This proposition implies that, if we want to get the distributions of the LSSH
system converged to the unique invariant measure, it is enough to prove the following: for
any two solutions:* andu«2, the probability of the event that those low modes coincide is
exponentially tends to 1, as— oo. But, in fact, we do not need that all solutions satisfy
the above proposition. By the coupling result in Lemma 4.1 below, we just need that the
solutions that do not grow fast satisfy the proposition. This will also be used for the NLSSH
system.

3. Some estimates
In this section, we derive some estimates of the solutions for the LSSH system, which

will be used in the following. We will work on a probability spa¢®, &, P) generated
by {W(¢)}. We associat€ with the canonical space generated by all @). DenoteZ as
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the associated-algebra generated ByV (r)} with P the probability measure. Expectations
with respect td? will be denoted byE.

The following lemma describes the growth rate o )|?.

Lemma 3.1. There is a positive constagt, such that for any > 0,
t
P{|u<r>|2+/ lu(s)|?ds <[u(0)[* + Cat + 7, for r>o} >1-e".
0

Proof. Applying Ito’s formula to|u(r)|?, one yields

——|(t)|2—(A )+ ( )_<3 Y4+ = Bo+ (F(x,1),u)
> tu u,u ou, u u’, u 0 X, 1), u).

(Au + ou, u) = (—(L — @Q)u — 20, xu — Gixu, u)
< — (1 — @ul® + [Oxu|® 4 |ul? — [Oxxul?
=olul?

and
lu| < (2m) Y4 ul 4.

Then we have

I3
|u|2+/ lu(s)|* ds
0
2 ! 1 2 1 4 !
<Ju(0)| +/ 2(g+ 2) = 2= ju* + Bo ds+2/ (F. u)
0 2 27'[ 0
2 ! 2 1 2 1 4
— ()| +/ 2( 04 b2t =) ul? — 2= lul* + Bo| ds + M,
0 2 2n
t
- <M>t/2_ (/O 2b%ax|”|2d5 - (M>r/2> >

wherebmax = maxb;, M; = ZfS(F, u) and(M), is the quadratic variation.
Note that

t t
(M),/Z:ZZ b,?/ u,?ds<2b§axf |u|? ds.
i 0 0
That is,
t
|u(t)|2+/o lu(s)|? ds < |u(0)|? 4 C1t + M, — (M), /2,

whereCy = max, {2(0 + bgax+ 3)x% — £=x* + Bo}.
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Then the classical supermartingale inequality implies

t
P {|u(t)|2 +/ lu(s)?ds <|u(0)> + C1t + r}
0

>P{M; — (M), /2<r}
>PlexpM, — (M),/2) <€}
>1-¢e".

This completes the proof.lJ
We also need the following estimation of the mean value of the solution.

Lemma 3.2. For anyt >0, we have
Elu(t)|*<e “Eluol* + R.

wherex and R are some positive constants.

Proof. Applying Ité formula to|x|2 and taking the mean value, we find

t t 1
E|u|2+a/ E|u|2dng|uo|2+/ [(2g—oc)E|u|2—EE|u|4+Bo]ds
0 0
<Elugl? + Rot,

wherex is some positive number amth = max, {(20 — &)x% — 5= x* + Bo}. Then Gronwall
inequality yields the results.[]

4. Coupling approach for ergodicity

We start this section with some notations and terminologyH_be a separable Hilbert
space witho-algebraz(H) and let.# (H) be the space of sigh measures with bounded
variation. We denote by?(H) the set of probability measur@se .#(H). Foru € 2(H)
we define the variation norm as

lillvar=sup |u(A)l.
A€B(H)
If uy, uo € 2(H) are absolutely continuous with respect to a fixed Borel measutieen
we have

1
g — wollvar = 5/ 1) — po(u)| dm(u),
H

wherep;, i =1, 2, is the density ofy; with respect tan. For more se§0].

The coupling is a well-known effective tool for studying finite-dimensional Markov
chaing24]. To our knowledg€29] is the first paper using a coupling approach for invariant
measures of the stochastic heat equation. The main idea of coupling is to construct two
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random variableg, and¢,, for two measureg; andy, that we are concerned with, and
study the two measures through constructing the two random variables. In this section, we
will use the maximal coupling, namely, we constrdgtand¢, such that

1ty — pollvar = P{&1 # &a).

About the maximal coupling, we refer {20,24]

In this section, we always use the maximal coupli@p /) for the distributions of
(Put, Pu?) on C(0, T; Hy). By the discussion in Section 2, we can define the coupling
solutionu’ (¢) as

ul (t) = (L), PUL B ((k —DT))), teltk—DT,kT], k=1, i=12
for (5)—(7) on the product spac@*, 7, P*) x x*, where
F=0x---xQ Fr=Fx..xF, P'=Px...xP.

andX* =X x --- x X. From Theorem 4.2 if20], it follows thatu’ is measurable coupling
solutions of (6)—(8). Notice that, the coupling solutions are not the solutions of (6)—(8), but
they have the same distributions with the solutions of (6)—(8), since we just clidnge

as another noise with the same distribution. Then, we will call the coupling solutions the
weak solutions as if21]. Obviously, the results in Section 2 still hold true:if) is a weak
solution of (6)—(8).

Now, for those weak solutions we define some function spaces which play a role in our
approach. This arises from Remark 2.2. These spaces are also introd(@¢d For any
given real number > 0 and integer numbér> 1, we defineSo(m, k) as the set of functions
(1), u?t)), t € [mT, kT], 0<m <k, such that

u' € L%0,kT; V)N C(0,kT; H), (12)
Put(t) = Pu(t), |ur(mT)| v [u?(mT)| <D, (13)
Et,mT)<r+ (C1+ 1t —mT), mT<t<kT, i=12, (14)

wherea v b = maxa, b) for a, b € Randé’ (t, mT) = [u' (t)|? + [| - |u’ (s)|?ds. The set
So(m, k) is called the coupled set. Then the set

k
R(k) = (C(0,kT: H) N L?(0, kT: V))\ LJ Sotm. k)

m=0

should be the exponentially small set by Proposition 2.1.
Let

S(m, k) = So(m, k)\S(m — 1, k), 0<m<k,

whereS(—1, k) is the null set. In the following, we always assumg|? and|u3|? have
the finite mean value. We observe that the orbifSim, k — 1) enters eitheS(m, k) or
R(k)US(k, k) forO<m <k—1,andthe orbitir§ (m, k) comes fromthe s (m)US(m, m);
seeFig. L
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$(0,1)—8(0,2)—=- - - —=$(0,m) S(0,m+1) — --- —=S(0,k-1)

S(1,2)—--—S(1,m) S(1,m+1) — ++- —5(1,k-1)

S(m-1,m) (m-1,m+1)

S(m,m+1)— -+ —S(m,k-1) S(m,k)

S(k-2)k-1) S(k-2,k)

S(L,1)

s (2,2) S(fm,m)
U R(1)

_$ ... S(m+1,m+1) S(kTk-1)
U R(2) U R(m)

UR(m+1) U R(ﬁ-l)

Fig. 1. Orbit transition.

Then, what needs to be proved is that the eventihaind«? are in R(k) U S(k, k)
has exponentially small probability. Clearly, this demands that the events that the orbits in
S(m, k—1) enterR(k)US(k, k) ordo notente§ (m, k) have exponentially small probability.

Lemma 4.1. Fix T > 0 large enough. Let; and Z; be the distributions of!, , andi2 ,
respectivelyfor (ul, u?) € S(m, k — 1), 0<m <k — 1.1f (1) holds and N is large enough
then

121 — ;»2||var<e_y(k_m)T
for some positive constant
Proof. Let/! and/? be the maximal coupling fok; and ., respectively. There are two
cases to be distinguished foe [0, T'].

Casel: &' ((k — DT +t,mT) <r + (Cr+ D ((k — DT +t —mT), i =1,2.

Let

5= Pu'(mT), hiy= Pu'(mT), i=1,2

Thenlé = ZS =[. Consider the LSSH system in low mode space

dii (1)
dr

=[Al' + oI' = P(I" + )3+ PF(x,1), i=12

Let B(, h}, h3) = P+ hY)3 — Pi(I + h?)3. Then

IBU, g, h3)IP<  sup [P +hY3— P+ 1?3, )12
yeL? and |y|=1
|+ 113 — (1 + 1?32

<
<Iht = K212 + @h @?) + @?)?)?
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Proposition 2.1 tells us that
It — h2|2<4D2e7/1((k71)T+t7mT).
Then, there exists some positive constédnsuch that
|B(l, h(l)’ h(Z))|2<D2e—/l’(k—l—m)T’

sincelu! (1)|? at most increases polynomially. Thus
T ’
/ |BU. h, hg)lzdtgl(oe_;~ (k=m—-1)T 5
0

for some constanko > 0. Now we apply the Girsanov’s formula 9. Let
B(t. @) = b~ B(l, h§, hj).

whereb is the N x N diagonal matrix with diagonal elementtg, j =1,..., N. Then,
Girsanov’s formula yields

Ja(dl) = e%D )5 (d), (16)
where
T 1 T
G = - / (.b duy) — 5 / 12 .
0 0
For (13)

T T
E exp2G()) =E exp(—Z/ (B, b~ dw;) —/ |ﬁ|2dt)
0 0

< (E exp<—4f0T(ﬁ, bt dw,) - stT IBI? dt))l/z
x (E exp<6/OT |B|2dt>>1/2

3K Dze—z’(k—m—l)r
<ew

with some constank . Hence,

d/io

1
1— A = —/ 1—-—=|di
|| 1 2||var 2 CO.TH) dAl 1
1/2
1 dio |2
<z / 1— 22| diy
2\Jco,1:m diy

1 20 (k=m—1)T
gé(e3KND e m _ 1)1/2
ge—“/o(k—In)T

for some positive constang, sinceT > 0 is large enough.
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Case2: &' ((k — )T +t,mT)>r + (C1+1)((k — VT +t —mT) for somer,i =1, 2.
This is the direct result of Lemma 3.1. In fact, the inequality

E((k —DT +1,mT)>r + (C1+ D((k — )T +1 —mT)
implies that

E((k = DT +1,mT)>u(mT)|? + C1((k — DT +t —mT) + (r — lu(mT)|?)
+k—m—DT.

Takingy = min{1, yo} completes the proof. [

Remark 4.2. Lemma 4.1 implies that, the probability of the event that the orbits(in,
k—1),0<m<k—1enterR(k) U S(k, k) is small.

To our aim we also need the following lemma.

Lemma 4.3. Let (1) hold. If (u, u?) € R(k — 1) satisfies|ul((k — DT)| v |[u?((k —
1)T)| <D, then

P{u!, u?) € Sk, k)} =>d*>0
for some constant* > 0 depending only on D
Proof. From Lemma 3.1, we have
P{&(t, (k= DT)<r + (C1+ Dt — (k= DT} =c* (17)

for some positive constaat which depends only ob. For the purpose of this lemma, we
compard’ (¢) with the following standard diffusion process:

(1) = Al + (0 — V) + PF(x, 1). (18)

Here,v is large enough such that (18) is Iinearly dissipative./L&e the solutions of (18)
with the initial valud ((k — 1) T). Let 4; (¢) andll (r) be the distribution oa‘,‘C 1k andlk 1k
restricting onC ((k—1)T, t; Hy), respectively, for =1, 2. Since (18) is Ilnearly dissipative,
we have

< 92
d/ ~
/ M dh<e
diz
for some constantj > 0 which depends only on the upper boudd
By the similar method in the proof of Lemma 4.1, we have

. 2 ~
[[ET diees i-12
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for some positive constaat, which depends only ob. Since at this timeB!| = |vi' +

Pi(I' + h')3| is bounded as we consider the event of (17) (468. By Holder inequality,
we can derive

dii]? .
= <ck
/|:d/’{2i| d/b]_\C3

for some positive constaag which depends only oB. Then by the Lemma C.1 ¢27],
we have

dis
1A —|dlr>ch
/‘ d/lz‘ 1224

for some constant; > 0 depending only o®. Notice that| 11 — A2|lvar=1— (|41 A Z2]lvar
we have

41— Z2llvar<d™ =1~ CZ.

ThenP{(u!, u?) € S(k, k)} >1 — d*. This completes the proof.[]
Then, we have:

Proposition 4.4. Let(1) hold. For(u!, u?) € R(k—1)US(k—1, k—1), there is a constant
0< 0 <1,such that

P{w?, u?) € R(k)}<OP{ur, u®) € Rtk — 1)U Sk — 1, k — 1)},
Proof. This is the direct result of Lemma 4.3. We omit the proof]

By Lemma 4.1 and Proposition 4.4, we have the following important proposition, which
implies the existence of a unique invariant measure.

Proposition 4.5. Supposél) holds. There is a constaft< k < 1 such that for any initial
valueud, u € H,

P{t, u®) € R(k) U Sk, k)} <Kk,

where K is a constant depending only on the initial value.
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Proof. We will considerR (k) andS(k, k), respectively. First, we have

P{wt, u?) € R(k)}

k—2
<e ™ N @ Pt u?) € S(m. k — 1)
m=0
+ 0P{(ut, u®) e Stk — 1,k — 1) UR(K — 1)}
k—3
<257 + e Y TP, u?) € R(m))
m=0
k—3
+ 26" + e Y @ Pt u?) € S(m,m))
m=0

+ €27 + 5+ *)P{wt, u®) € Rk — 2)}

+ (282 + € 2TYP{ur, u?) € Stk — 2,k — 2)}
<fie* T 4 287 + fod
<K«

wheref;,i =1, 2, 3, increases ok at most polynomially.
For S(k, k), we have

P{*, u?) € S(k. k))
k—2
<e ™" @ Pt u?) € S(m. k — 1))
m=0
+ 0P{(ut, u?) € Stk — 1,k — 1)} + P{(u*, u?) € Rk — 1)}.
By the same analysis fak(k), we also have

P{w?, u?) e S(k, k)} <Kk

This completes the proof.lJ

5. Ergodicity of the local system

In this section, we prove the existence and uniqueness of invariant measure, and then the
ergodicity in the LSSH system.

Let Z(H) be the metric space of all probability measures Bn % (H)) endowed with
the metric|| - || defined by

IIM—VIIZ=SUD{/Hfd(u—V) : ||f||L<1}, v e PH),
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wheref is a measurable function dthand

S &) = fO)

I fllL =sup|f(x)] +su|0{
X lx — vl

:x;éyeH}.

It is well known that|| - ||7 generates the weak topology asti H) is a complete space
under| - |I7 . We define the semigroufxz) on #(H) generated by (6)—(8) as

SOWI) = / P(t,x, Dudx), I e B(H).
H
A measureu onH is an invariant measure if
w(I) =Sy = /H P(t,x, Dudx), I € B(H).

We restrictS(r) on the set?»(H), which is defined as

s%mﬁ{ueﬂm:/uﬁmn<w}
H

Then we have the following proposition.
Proposition 5.1. S(t) maps?2(H) into Z2(H).

Proof. For anyu € #2(H) andt > 0, Lemma 3.2 yields

/'wﬁsa»wmo=:/ (/ UFPa,adw)uw@
H H H

=fawmmm>
H

<€”/uﬁmn+R
H
< Q.

This completes the proof.[]
Now we can draw the following main results.

Theorem 5.2. If (1) and(9) hold with N large enougtthere is a positive constapte (0, 1)
such that for anyuy, u, € Z2(H),

ISty — SOppll 7 <M (uy, pp)y's 120,
Here M (uq, up) only depends op; and p,.

Proof. We follow the proof ofi21]. Arbitrarily fixedz > 0 and letk = k() be the smallest
integer such that<k(s)T, whereT is the constant in Section 4, and €}, i = 1, 2, be
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random variables it with distribution ;. Let u*(¢) and u?(r) be the weak solutions of
(6)—(8) on[0, kT']. Then we just need to show that

p(0) = P{lut(r) — u?(1)| > C1e71} < Coe7 72, (19)

whereC;, i =1, 2, are positive constants only depending on the initial functionseand
i =1, 2, are some positive constants.
We consider the coupling solution defined in Section 4. Define the following event:
[ck]
Gy =1 (up,up) € | J Stm, k) ¢,

m=0

where O< ¢ < 1 is some constant. Clearly,

PO SPGK)) + P(GK) N {Jut — u?| > Cre 7). (20)
We claim that

P(G(k)) < Coe™7, (21)

P(G(k) N {lut — u?| > C1771}) = 0. (22)

First, we prove (24). Since all the orbits §itm, k) come fromR (m) U S(m, m), we have

k k
G c |J SmbUurRkc |J RmUSm m).
m=[ck]+1 m=[ck]+1
Now by Proposition 4.5, we get
k
P(G(k)€) < Z K" <Kk (k — [ck])
m=[ck]+1
<KiK

for some propef < (0, 1) andK . Sincek > % we have
P(G(k)*) < Coe™%

wheregs = —T-lInk andCy = K.
Next we prove (25). It is enough to prove thatif', u?) € G (k) andCy is large enough

lul — u?|<Cre7". (23)

Indeed, by the definition af (k) for (u', u?) € G(k), there is an integdy 0< < [ck], such
that(ul, u?) € S(, k). Therefore, relations (12)—(14) are satisfied. Then as Proposition 2.1,
for u = uq — up, we have

lu(t)] = |p(t)| < 2de =11,

Notice thal T < ckT <c(t+T),thent—IT > (1—c)t—cT. Hence|u(r)| < 2de/T e=#1-<).
Thus (25) holds withC1 = 2de*T andoy = A(1 — ¢). Finally, takingM (u, i) = C» and
4 = €2, we obtain the conclusion and the proof is completed.
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Corollary 5.3. If enough modes are forced and conditid) holds then the LSSH system
has a unique invariant measurg, such that for any: € H andz > 0,

IP(t,u, ) — poll; <M(lul®y,

whereM (|u|?) is a positive constant anglis as in Theorens.2.

6. Ergodicity of the nonlocal system

In this section, we turn to the following NLSSH system on the real line:

u; —Qu+(1+6xx)2u+uG*u2=F(x,t), (24)

u(0) = uo, (25)

u(t,x)=u(t,x + 2mn), (26)
where

2n
G * u? =/0 G(x — Eul (&, 1) dé.

We always assume that

bi #0, 1<i<NN, (27)
N//

Bo=) b7 <oc. (28)
i=1

First, we consider the following case: for every R
0<b<G(x)<a, (29)

wherea andb are the positive constants (i.€,> 0 is a positive kernel). Then we have the
same energy estimation as LSSH system.

Lemma 6.1. There is a positive constagt;, such that for any > 0,
t
P {|u(t)|2+/ lu(s)|2ds <|u(0)> + C1t +r, for t20} >1-¢€".
0

Proof. We only estimate the nonlinear term. In fact,
WG *u?, u) = (G x u?, u®) =blu|*.
SetC1 = max {2(¢ + b2+ 3)x% — bx* + Bo}, where
bmax = max b;. (30)

By using the same analysis as in Lemma 3.1, we can finish the praof.
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Note that, for the nonlocal nonlinearity, only the part of results in Proposition 2.1 still
holds. But this does not affect the coupling result. Taking the same decomposition of NLSSH
system as one of LSSH system, we have

Proposition 6.2. For anyu, uf € H,if 1% , =12 andu?, u? satisfy(14),then there exists
a constantl > 0 such that

lut — w2 <e D 1 ou Ty — ul(mT)|, t € [mT,kT].

Proof. Sincel), , =12, we only consider the high mode. Let=/'! — h2. Thenp satisfies

m,k?
p=Ap+op— PG * uh? — uPg x u?)?).
Taking the scalar product of the above equation with H;, and notice that

WG x (uhH? — u?G x W2, p)
= (utG * WhH? — u'G * W?)? + ulG x (u?? — u?G * W??, p)
= ("G (uh? — @®?), p) + (W' = u®)G x W?)?, p)
> wlG *« wt — u?)wt + u?), p),

we have

bilpl? < (g + 0)1p? + [(hG * (w* — u®) 't + u?), p)l,
< +0lpl? +aGlut? + [u?Ppl?,

whereo 5 is the Nth eigenvalue oA. Then

r /3
IpI>< |p(mT) > exp 0‘;{;+Q+a/ (§|u1|2+ |u2|2> ds}
mT

/3
<lp(mT)|*exp (O‘N+Q+t “mTf (5 |u1|2+|u2|2> ds> (t—mT)}
- mT

5 .
<|p(mT)|* exp (Ow +o+ 5aC1 +a> (t - mT)} ,

2

since we can always take< T'. If we chooseV so large that; +0+ %aél +a <0, then

p2<e D pmT)|, 1 € [mT kT,
for some constant. This completes the proof.[]

Remark 6.3. The above proposition is weaker than Proposition 2.1, but it is enough for
the coupling result in Lemma 4.1.
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We have to give more estimation for the coupling result. For Lemma 4.1, we have to estimate
|B(, h}, h3)| = | PutG * (ub)? — PG % (u?)?. In fact,
G x uY)? — u?G * W??|
=+ "G * (U +hH% — (1 +hDG * (I + h®)?|
<G [ +hH% — (1 +h?)?]
+|h1G * (12 + (Y2 + 21hY) — h2G * (1P + (h®)? + 21h?)|
<|21G * [I(hY — W) + IG * [(h* — KA (WL + W)
+ (WY = hP)G % 12| + |h1G * (hH? — h%G * (h%)?]
+ 2|hYG % (hY) — h%G x (1h?)).

From (29) we have

121G * [I(h* — h?)]|<2alht — h?)1)?, (31)
G * [(h* — h®)(h* + h®)]|<alh' — h?||h* + K2, (32)
[(hY — h?)G = 1?| <alht — h?|1?|, (33)
|h1G % (hY)? — h2G * (h?)?| (34)
<|'G # (W12 = h?G  (WH?| + [h2G * (h1)? — h2G * (h?)?| (35)
<alh* = W?|nY% + alht — W2t + K2||R?). (36)

Similarly, we have
2|hYG x (IhY) — h2G * (1h®)| < 2alh* — K2 |kt + K2)1). (37)

Then, from (33)—(39) antk|? increases polynomially, we can derive the coupling result in
Lemma 4.1 by Proposition 6.2. y B
For Lemma 4.3, we have to estimaf®l = |v[ + PuG x (I + h)?|. Since

uG * u?| <alul?, (38)

|B| is bounded.
With all the above analysis, we draw the following conclusion.

Theorem 6.4. If (27) and (28) hold with N large enoughthe NLSSH system with the
positive kernel29) has a unique invariant measyrand it is exponentially attracted in
Po(H).

The above analysis for the positive kernel (29) does not work for the nonnegative kernels.
But we can still work for a special nonnegative kernel. 3.
Define

1 .
J(x) = {c exp(—m) |_f x <1, (39)
0 if x>1.
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where

! 1
CZ(/(.) exp(—l_xz)dx>

We further define that foé > 0,

-1

Js(x) = 0727 (%) .

Let Co(I) be the space of continuous functions with compact suppartins known that
[12]

IJs % f = fllcoiy > 0 asé— 0 (40)
forany f € Co(I). Thus for anye > 0, there is ao = dg(¢) > 0, such that
Jsox f2f —e. (41)

We consider a special kerngl(x) = J;,(x), with 6o = do(¢) as in (41), for the NLSSH (3).
Then,G satisfies

0<G< . (42)

Note that the lower bound @ is » = 0, so some estimation above does not apply. But due

to (41) we can still get the similar energy estimates. And notice that we only use the lower

bound in the energy estimates, so we can have the same ergodic result.
From[18,31]or[23], we know that problem (24)—(26) has a unique soluii@n x, ug) €

C([0, T1; H) N L>®((0, T), HZ(I)) and

u(t, x,ug) € Co(I),Vt=>19> 0.
Thus (41) implies that
Gx)*u’>u’—e. (43)

Then the estimates of Lemma 6.1 still holds with

. _ 1 1 .
C1:mxax{2(,u+br2nax+§+s>x2—%x4+Bo}. (44)

The other estimates does not depends on the lower bou@d Bfien we can derive the
following result.

Theorem 6.5. If (27) and (28) hold with N large enoughthe NLSSH system with the
nonnegative kernels, (x) has a unique invariant measy@nd it is exponentially attracted
in Z2(H).
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7. Dynamical difference between local and nonlocal systems

With the results on ergodicity of the local and nonlocal stochastic Swift-Hohenberg
equations in previous sections, we can how compare some dynamical behavior.

From Proposition 2.1, we see that the local stochastic Swift—-Hohenberg system is ergodic
providedxy +¢ < 0. Note thatyy =—(N2—1)2. So we only need the numbof randomly
forced modes to satisfy

N>, Jo+1

Note that the numbeX does not depend on the random forcing term, i.e., it does not depend
on the coefficient®/s in the random forcing in (2).

However, from Proposmon 6.2 the nonlocal stochastic Swift— Hohenberg system with
positive kernel (O< b < G (x) <a) is ergodic provided tha¥ satisfiest ; +o+ 2aC1+a <0,

whereC1 = Bg + (0+b"++2), with Bo defined in (28) andmay defined in (30). Thus we
only need the number of randomly forced modes to satisfy

5 - + BRax + 3)°
N> \/g+a+§a(30+—(g max + 2)

1
b )+

For the nonnegative kernél(x) with upper boundh, we only need

5 . - 1
N>\/\/Q+a+Ea(Bo—i-Zn(Q—i-b,ZnaX—f-§+8)2)+1.

Clearly, we have the following comparison between the local and nonlocal stochastic
Swift-Hohenberg models: (i) The number of Fourier modes to be randomly excited for
ensuring ergodicity of théocal stochastic Swift—-Hohenberg system depends only on the
Rayleigh number through > 0, which measures the difference of the Rayleigh number
from its critical convection onset value; (ii) The number of Fourier modes to be randomly
excited for ensuring ergodicity of thnlocalstochastic Swift-Hohenberg system depends
on the bound of the kern@ in the nonlocal term, and the random term itself, as well as on
the Rayleigh number.
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