Physics 403: Relativity
Homework Assignment 1
Due 29 January 2007

1. The visual image of an object passing by an observer camh&racted (in
principle) by recording the time of arrival of light rays atigkeir direction, to
determine the point from which they were send. Consider thie vertices of a
square(A,B,C,D) moving with velocityv lying in the plane of the square and

in the directionAB, and passing by an observer also in the plane of the square.
Show that the image of the passing square appears rotatedr(than Lorentz
contracted). Explain the apparent contradiction.

Solution
Here is a picture of the square of lengtlat rest.
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Square at Rest

When viewed from a great distance, the poiAt8 andC,D appear at the same
point, since one’s “depth perception” is missing. This diagated on the horizon-
tal line below the square

When the square moves to the right at velogjtthe distanceAC andBC become
contracted ta,/1 — B2L. In addition, pointsA andC are closer to the observer than
pointsB andD. Consequently, we see those points at a dist@hde the right on
the horizontal line, as shown below:

B A D C
Square in Motion




We might imagine that the latter image would be produced hijeitsquare, as
shown:
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Rotated Square

That’s how we would interpret this image, based on the ligimals that we re-
ceive at a particular time.

2. The Lorentz transformation equations have no meanirgeifélative velocity
of two frames is greater than the speed of light. This is takamply that mass,
energy, and information (messages) cannot be moved froce pdgplace than the
speed of light. In the light of this, consider the “Scissoasd@lox”. A very long
straight rod, which is inclined at an angfgo thex-axis, moves downward with
speedv, which is close to the speed of light. Find the sp&edf the point of
intersection of the lower edge of the rod with thiaxis. Can this speed be greater
than the speed of light? Can it be used to transmit a messagentebody far out
on thex-axis?

Solution Suppose that the rod is moving downward with spedaking tilted at
a small angleprelative to the horizontal. As the rod crosses tkeis, the speed
with which it its intersection with th&-axis movesy, satisfies the relation

Y _tan
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Consequently, for smafp we obtainV ~ v/@. This can be substantially greater
than the speed of light. There is no contradiction with reityt since no physical
signal is associated with this crossing.

3. Consider a transformation of the longitudinal positioand timet from one



inertial frame to another moving with spegdsubject to the following require-
ments.

e Linearity:

x = a(v)(X +wt)
t = b(v)X+f(vt

e The composition of two such transformations is also a t@nsétion of the
same form.

Show that the Galilean transform and the Lorentz transfaetee only possibil-
ities consistent with these requirements.

Solution

Let us express the original transformation as

X = a(v)(x—w)
t' = b(v)(t+vev)x)

Let us substitute these expressions into the first of thesevequations:
x = a(v)(X +wt') =a(Vv)[a(V)(x—wt) + +Vbv(x+ ve(v)t)]
a(v) [(av—v2b(v)e(v))x+vt(b(v) —a(v))]

For consistency we require thafv) = b(v) and 1= a?(v)(1+Vv2e(v)). Thus, we
may write the original transformation as

X = é(x—vt)
1+v2e(v)
t = é(t + ve(V)X)

1+ v2e(v)



Consider the composition of two Lorentz boosts:

X = 1 (x—vit)
\/ 1+ V2e(vy)

t = ;(tjtvle(vl)x)
\/ 1+ V2e(vy)

o= 1 (x—wt)
1+ vae(Vv2)

t" = ;(t%vze(vz)x’)
1+ vae(V2)

Substituting the first two relations into the third one, weaity

X' = ! ! [(X—Vit) — Vo (t +vie(vi)X)]

\/ 1+ vae(v2) \/ 1+ v2e(vq)

_ ! L (- vovie(vi))x— (Vi 4+ 2]

\/ 1+ vae(v2) \/ 1+ v2e(v2)

and
/) 1 1
" = [(t+vie(vi)X) + Voe(V2) (X — vit)]
\/ 1+ vae(V2) \/ 1+ v2e(vq)
1 1

= [(1—wvovie(vo))t+ (vie(vr) + voe(v2))X]

\/ 1+ vae(V2) \/ 1+v2e(vq)

These equations must therefore have the form

X' = é(x—vt)
1+ v2e(v)
t" = é(t + ve(V)x)

1+v2e(v)



wherev is the composite velocity. Thus, for consistency we obtain

1 ! ! (1—vavie(va))
1+ Vv2e(V) \/ 1+ vae(V2) \/ 1+v2e(vy)
_ ! ! (1—vovie(Vv2))
V1+Be(vz) /14 1Ze(va)
v — _atve
1—vovie(vy)
ey = e(vi)vi —e(v2)vo

1- V2V]_e(V2)

We conclude thag(vi) = e(v2), so thate must be a constant independent of ve-
locity. The velocity of composition is

VitV
1-evivo

Using this velocity, we calculate the correspondyfgctor:

1 l1-env

V1+Vv2e B \/(1— ev1v2)2+ e(vl —I—V2)2

1-—evivo

\/1+e2v%v§+ev%+e\/§
1-enivr

Jited /1+ed

Thus, the transformation must be

1
X' = ——(x—
\/1+ev2(x )

1
t" = ——(t+ew)

Vit+ev?

For the parametex = 0 we obtain the Galilei transformation, whereasdareg-
ative; e = —1/c?; we obtain the Lorentz transformation for velocity The case



of positivee corresponds to rotation of the variablest /+/€) through an anglé,
with tan® = /ev.

This result was originally obtained by P. Frank and H. Roht&d11. It represents
the first time that Lorentz transformations were treated s\syametry group.

4. A certain man walks very fast — so fast that the relatiwithgth contraction
makes him very thin. In the street he has to pass over a gridaA standing at
the grid fully expects the fast thin man to fall through théesan the grid. Yet
to the fast man he himself has his usual size, whereagrith@as the relativistic
contraction. To him the holes in the grid are much narrowan tfo the stationary
man, and he certainly does not expect to fall through themckinan is correct?
Hint: The answer hinges on the lack of rigidity in relativity

Solution

The problem may be idealized as a very thin rod sliding lewgté on a flat table,
with a hole in its path. It the Lorentz contraction factoragge, then in the frame
of the table the rod is much shorter than the hole, and wilpdnto it. Assume
that in that frame the rod remains essentially horizont@hout “tipping”, as it
descends into the hole. For small vertical velocities tliewdl fall with the usual
acceleration g.

In the frame of the rod, the hole is Lorentz-contracted aedd cannot possibly
fitinto it. However, one may perform a Lorentz transform o thorld line of the
front of the rod, and show that it wil “droop” over the edge béttable in that
frame. That is, the rod cannot be rigid.

This problem was discussed by W. Rindler, American JourhBhysics 29, 363
(1961).

5. Consider the following sequence of infinitesimal Lordmpsts:
e A Lorentz boost of speed, in thex-direction.
e A Lorentz boost of speea in they-direction.
e A Lorentz boost of speed, in the —x-direction.

e A Lorentz boost of speed in the —y-direction.

Show that the net effect of this sequence is a spatial rotdtyoan infinitesimal

angle® in the zdirection. Determind. Hint: Keep infinitesimals only up to
second order.

Let the coordinates be represented by a column vector, sthidé&orentz trans-
forms correspond to a four-dimensional matri}/). The first two Lorentz boosts



are represented in terms of the paramefars= vio/candy; 2 =1/,/1— B%z
by these matrices

yi —Bwiyr 0 0 Y2 0 —B2y2 O

A I31V1 Y1 00 N 0 1 0 0
L(VZI.') - 0 0 10 L(V2J> - BZVZ 0 Vo 0
0 0 0 1 0O O 0 1

We keep terms to second ordeffif, so thaty; o ~ 1+ sz/z, so that the product
of these transformations is ’

[ 14+B3/2 0 B, O 1+p%/2 —[521 00
L(VZDL(Vli) = [3(;-)2 é 1+8§/2 OO %1 1+gl/2 ?_ (O)
0 0 0 1 0 0 0 1
[ 14+B2/2 0 0 —B1
_ BiB2 1+B3/2 O —B2
0 0 1 0
| Bi B2 0 14+(Bi+B3)/2

A~ A

The composition matrix for the next two Lorentz transforim@as,L(—v2 J)L(—vil)
is obtained from this one by making the replacem¢hts — —B 2, so that for
the full transformation we obtain

A ~ A ~

L(=v2))L(=vib)L(v2])L(vii) =

[ 1+pB%/2 0 0 —B1 ]
BiB2 1+P3/2 0 —B2
0 0 1 0
| B —B2 0 1+(B5+B5)/2 |
[(1+p/2 0 0 B1 ]
o BiB2 1+P3/2 0 B2
0 0 1 0
B1 B2 0 1+(Bf+PB3)/2 |
[ 1 —BB2 0 O
BB 1 00
0 0 10
0 0 01




This corresponds to a rotation about thaxis through the infinitesimal angle

0 = B1B2.

6. Astronauts in a spaceship travelling on a straight pash thee earth at speed
v = ¢/2 wish to tune inWGN radio at 72kkHz. To what frequency should they
tune at the instant when the ship is closest to earth?

Solution

This is a question involving the transverse Doppler Shifthy@ = v/c = 0.5.

, \Y _ [20KHz

YR 3

=831kHz



